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SUMMARY 
In this report, an alternative methodology to model functionally graduated plates (FG 
plates) based on the use of equivalent plates composed of several isotropic plates has 
been analysed in higher-order shear deformation theories (TSDT). 
A Dynamic Stiffness method (faster than FEM) for composite plates compiled in an 
existing MATLAB code has been modified and adapted in order to be able to work with 
several layers with different Young’s modulus (E), Poisson’s ratio (), and material 
density (ρ). Later on, this code has been used to conduct vibration and buckling 
analysis of Functionally Graded sandwich Plates with constant and varying Poisson’s 
ratio. 
The analytical methodology to create the equivalent isotropic multilayer solution 
founded on the homogenization of the FGPlates following the power law in the Voight’s 
rule of mixtures, has been described and extended to the analysis on FG sandwich 
plates in the “hardcore” configuration, including the integrations required to obtain the 
stiffness matrices and the series solution to solve them. 
Several validation studies of FG sandwich plates computing fundamental natural 
frequencies and critical buckling loads using different volume fraction index has been 
performed using the adapted MATLAB code. The goodness of the methodology has 
been validated comparing the eigenvalues against a well-converged approximate 
multilayer solution, and when available, with literature review’s published results of 
“hardcore” FG sandwich plates.  
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1 INTRODUCTION 
A functionally graded material (FGM) is an heterogeneous compound made from 
different two or more material phases which have complementary properties such as 
strength (metal) and thermal resistance (ceramic) that lead to an improved mixture. 
The interest in those materials is growing nowadays in several fields thanks to their 
potential to adapt to highly competitive environment conditions, and lot of research 
studies have been conducting in FGPlates and FG sandwich plates focused 
particularly on aerospace structures.  
FGPlates are an evolution of the composites plates, because the FGMs bonding is a 
smooth transition phase with gradual composition of the material constituents that 
eliminates the interface problems (delamination). As a result, those materials are 
usually isotropic but non homogeneous, which make them especially difficult to model 
when the Poisson ratio () is not constant. 
The first step to model a FG plate is applied an homogenization technique. In section 
2.2. of the Case of Study, available in the Appendix E, the most common techniques 
find in the literature review have been described. 
Jha et al. (2013), Swaminathan et al. (2015) and Thai and Kim (2015) made an 
exhaustive and updated critical review of research on FG plates and FG sandwich 
plates differentiating between analytical (3D and 2D elasticity/plates theories) and 
numerical methods (FEM and Meshless methods), and the type of load applied 
(mechanical and thermo-mechanical). Most of these methodologies are only valid 
when the Poisson’s ratio () of the material phases is constant. 
In the basis of all the methods are three separate theories that are able to analyse the 
behaviour of the FGM plates: The Classical Plate Theory (CPT), the First-order shear 
deformation theory (FSDT), and the Higher-order shear deformation theory (HSDT) 
(mainly the Third-order shear deformation theory (TSDT)). All these theories, and their 
equations, have been explained in Section 2.3. of the Case of Study (Appendix E). 
Kennedy and Cheng (2012), Kennedy et al. (2014) and Alcazar Arevalo (2014) 
proposed an equivalent plate composed of several isotropic plates to model the FG 
plates, even when the Poisson’s ratio () was not constant, using the CPT, FSDT and 
HSDT theories. The researches applied the Voight’s rule of mixtures based on the 
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Power Law (simplest and most used homogenization technique) and work out the 
equations to obtain the equivalent up to 4 isotropic plates. The methodology used is 
summarized in the section 3 of the Case of Study (Appendix E), and is:  
1) Calculate the stiffness matrices of a FG plate: . The integrations required are 
calculated by means of direct integrals (constant Poisson’s ratio) or a series 
solution proposed by Dung and Hoa (2012) (variable Poisson’s ratio) exposed 
in Appendix C. 
2) Calculate the stiffness matrices of an equivalent N-isotropic layers plate: ∗  ; 
using direct integrals. 
3) Compare the independent terms:  = ∗  ; and find the parameters 
(unknowns = ∗ , ℎ∗ , ∗ 	) of the equivalent plate (Appendix D).  
The 1 and 2 equivalent isotropic models, valid for constant or variable Poisson’s ratio 
() respectively, and for CPT and FSDT theories, were calculated analytically. On the 
contrary, the 3 and 4 equivalent isotropic models, valid for constant or variable 
Poisson’s ratio () respectively, and for TSD theory, led to a system of 6 equations with 
6 unknowns and a system of 12 equations with 12 unknowns respectively, and were 
solved by Alcazar Arevalo (2014) using the function “fsolve” included in the 
Optimization Toolbox of the MATLAB code. The use of “fsolve” implied some problems 
that will be discussed posteriorly in the Chapter 5 of this dissertation. 
Alcazar Arevalo’s (2014) studied the material properties, natural modes of vibration 
and critical buckling of square functionally graded (FG plates) simply supported plates 
using the new equivalent isotropic plates by means of the exact strip software 
VICONOPT. However, this software is not able to work with higher order shear 
deformation plate theories (HSDT), meant that the ,  ,  stiffness matrices, critical 
buckling loads, and undamped natural frequencies using the equivalent 3 and 4 layers 
plate were not calculated and consequently, the accuracy of these models were not 
validated. 
In order to compute the critical buckling loads and the natural frequencies in HSDT, 
we are going to use a MATLAB code from Fazzolari et al. (2013).  
Fazzolari et al. (2013) was doing some general work on plates with high order theory 
and its code is able to compute the vibration and buckling eigenvalues. Consequently, 
the code allows us to do a check and find the specific properties that we need. Thanks 
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to this program, we will be able to have something consistent, because we need to 
know, when we get a solution, how accurate it is. 
However, the code from Fazzolari et al. (2013) needs some modification, because it 
assumes is dealing with a regular composite where the properties are the same in 
each layer (same materials but with different angles), and we have different properties 
in each layer. Thus, the starting point of the dissertation will consist in describe the 
MATLAB code and the required modifications. Later, in the main body of the present 
dissertation, the results obtained from an equivalent FG sandwich plate with “hardcore“ 
will be analyzed, and some improvements to the original methodology will be proposed 
and discussed.  
All the MATLAB’s files have been included in the CD of the dissertation. All the lines 
that have been adapted or modified from the original code have been highlight with an 
additional comment, and some additional new files programmed to create the 
equivalent isotropic layers have been linked with the originals. Finally, a text file has 
been incorporated into the MATLAB folder in the CD with the basic instructions to run 
the program.  
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2 CHARACTERISTICS, LIMITATIONS AND ADAPTATION OF THE 
MATLAB’S CODE 
2.1 Characteristics and way of calculation of the MATLAB code 
The MATLAB’s code from Fazzolari et al. (2013) is based on the Dynamic stiffness 
method (exact strip method) and it has approximately 10,000 lines compiled in 14 
MATLAB “m” files. The name of these files are: “ABDEFH”, “analysis_setup”, “BC”, 
“DS”, “gausseli”, “massspring”, “modes”, “s_p_results”, “stiffness_assembly”, 
“stiffness_comp_fsdt”, “stiffness_comp_hsdt”, “stiffness_iso”, “stringer_assembly”, 
“WW_algorithm”. 
Using these files, the program is able to compute natural frequencies and critical 
buckling loads using different theories (CPT, FSDT and TSDT). 
The main file needed in order to run the program is “DS”. The rest of the files are 
connected between them by means of different functions.  
The MATLAB’s code way of calculation is based on obtaining the stiffness matrices 
A,B,D,E,F,H. This is like a pre-process that is created in the MATLAB file called 
“ABDEFH.m”. The program built the layers, work out the total thickness, and put all 
together in order to form the A,B,D,E,F,H matrices. 
When the program got the A,B,D,E,F,H matrices, just use them in every iteration to 
calculate, by means of the Wittrick-Williams algorithm (“WW_algorithm file”), the 
“omega_final”, which will be used to obtain the vibration and buckling eigenvalues.   
2.2 Limitations and adaptation of the MATLAB code 
2.2.1 Adaptation to work with different layers 
The input of the MATLAB code is rather different from we want, because is 
programmed for a regular composite with everything the same materials, and what we 
have is 4 or 3 layers equivalent plates with 4 or 3 different materials. Consequently, 
instead of having multiple layers, all the same material, running in different directions, 
we have a plate with multiple layers of different materials, but all them isotropic, so the 
“ABDEFH.m” file needs to be altered. 
The properties that will be different in each isotropic layers are:  Young’s modulus (E), 
Poisson’s ratio (), and the material density (ρ). 
If we study how affect those properties to the stiffness matrices, we find that by 
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definition (Eq.2-1.) 
 , ! , ",  ,  , # = $ %&'	(%&'	%1, &, &), &*, &+, &,'-&			%., / = 1,2,6'	
1 )⁄
31 )⁄
 
( 2-1 ) 
Where the Poisson’s ratio () appears inside the Q’s, that in a FG plate that is 
considered as a transversely isotropic material (inhomogeneous along the thickness 
(z coordinate)): 
Q55%z' = Q))%z' = 55378%9'; 	Q5)%z' = Q)5%z' = 7%9'5378%9' ; 
Q++%z' = Q::%z' = Q,,%z' = G = 12%1 + ν%z'' = Q55%z' − Q5)%z'2  
( 2-2 ) 
Additionally, in the equations of motion, appears the inertia terms (I>), which is the 
mass of the plate per unit area, and can be defined as Eq.2-3. 
%I?, I5, I), I*, I+, I,' = $ 	ρ%1, z, z), z*, z+, z,'dz
B )⁄
3B )⁄
 
( 2-3 ) 
Where ρ is the mass material density.  
Thus, to take into account the different properties of each layer, the Young’s modulus 
(E), Poisson’s ratio (), and material density (ρ) have been implemented inside the 
loop that assemble the stiffness matrices A,B,D,E,F,H. and the inertia terms (I>). 
Thanks to the modifications introduced, what we have now is a proper code able to 
compute an equivalent plate composed of several isotropic layers.  
It is remarkable that stiffness matrices are calculated only ones, even if you have for 
example 100 iterations of natural frequencies. Consequently, when you obtain the 
A,B,D,E,F,H matrices, it doesn’t really matter where they come from (they can came 
from 1 or 500 layers for example). 
2.2.2 Analysis options and symmetric stacking sequence 
Although the MATLAB code is programmed to use different theories (CPT, FSDT and 
TSDT), the program does not compute all the possible combinations. Firstly, as can 
be seen in the figure 2-1, the program classifies between composite and non-
composites by means of the file “stiffness_assembly”. CPT is only written for a single 
isotropic plate (non-composite) (“stiffness_iso” file). This will not suppose a problem 
for us, because the Classical Plate Theory is well implemented in VICONOPT, and 
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consequently we will use it in MATLAB. When needed, we will obtain the CPT results 
using VICONOPT. 
      
Figure 2-1. Schematic of the MATLAB code’s calculation options 
With regard to the composites, the FSD (“stiffness_comp_fsdt”), and the HSD 
(“stiffness_comp_hsdt”) theories assume symmetry, and then, although the matrices 
B and E are calculated, they are not used in the next functions. That’s mean the 
program is assuming that our plate is going to be uncoupled.  
This is a problem because every FGPlate we will study is going to be unsymmetrical, 
so we need to have that coupled solution available. Our equivalent plates will be up to 
4 layers, and they will give a lack of symmetry, because each layer has different 
properties. So, we will always have B and E matrices. 
In the equivalent 1 layer isotropic plates, is possible eliminate the coupling just using 
an offset, because that offset is the same that giving you the coupling. Several previous 
studies such as Abrate (2008) and Zhang and Zhou (2008) have moved the neutral 
surface and the coupling vanishes. However, is not possible use that technique for the 
2-3-4 equivalent plates. 
In this case, unlike the previous section, we are not going to modify the MATLAB code, 
hence is not going to be a simple change. The functions created by Fazzolari et al. 
(2013) involve thousand lines of code, and we need introduce two more matrices into 
very long expressions. In his research, the author was always analyzing symmetric 
composites, and therefore he did not go further this point.  
The main aim of this dissertation is not create a new code, so alternatively, we will 
analyzed our equivalent layered models with the shape of a sandwich. This double 
size plate, will give a symmetric variation, and this will enable us to check at least the 
D, E, F, and H effect. This is not the ideal comparison, but is all we can do with this 
code.  
Composite ="no"
Isotropic 
(CPT)
out in both
Composite ="yes"
FSD
out in both
Assumes 
symmetry
HSD
out both
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Lastly, the HSD theory only copes with out of plane effects (Figure 2-1.). This is linked 
with the last point discussed.  
With no coupling, A and D matrices does not interact. Fazzolari et al. (2013) was 
always working with symmetric layers, so he never has a B matrix and consequently 
his results just consider the out of plane (never the “in” and the “both” option (Figure 
2-1.). With coupling, is necessary the inclusion of the inplane effect as well (B matrix). 
However, if the “in” option is not working in the MATLAB code, this is suggesting that 
the program does not even calculate the inplane effects, so “out” and “both” options 
will give the same results, and this is saying again, that the program only works with 
fully uncoupled plates. 
On the other hand, VICONOPT is able to deal with coupled laminates, and 
consequently, with unsymmetrical FGPlates. In this case, the true eigenvalues will 
involve A, B and D coupled together. However, when VICONOPT computes non-
coupling cases, the B matrix does not exist, the A and D matrices give some 
eigenvalues, but there are two completely separate sets of results.  
The good thing is that the lowest results obtained in the buckling or vibration analysis 
will be always the out of plane, so with the new sandwich configuration, we will be able 
to compare the both programs results. 
2.2.3 Others 
Others limitations or characteristics found in the MATLAB code are: 
The MATLAB code computes the FSDT in a different way as VICONOPT, because in 
the expressions of the MATLAB algorithm (“stiffness_comp_fsdt”) appears the density 
even for calculate buckling. It looks as the program is set up to find natural frequencies, 
and then is necessary convert those into buckling loads. On the contrary, in 
VICONOPT is not necessary the value of the density to calculate buckling in the FSDT.  
The boundary conditions (“BC file”), are limited to have two opposite edges simply 
supported. 
Since the code is not able to work with thermal loads, is not possible analyse the 
thermal buckling. Furthermore, is not able also introduce a shear load. 
The axes “x” and “y” are inverted in relation to the traditional notation.  
Buckling and vibration of equivalent layered models for functionally graded plates including third-order 
shear deformation theory 
Torro Torro, Moises   15 
 
3 VERIFICATION OF THE PREVIOUS WORK RESULTS IN HSDT 
3.1 Introduction 
In this chapter, we are going to verify in HSDT, by means of the adapted MATLAB 
code, the work conducted by Alcazar Arevalo (2014) using the plates that the author 
calculated and computing in order to compute natural frequencies and critical buckling 
loads in different volume fraction indexes.  
The goodness and the accuracy of the obtained eigenvalues will be checked using a 
well-converged approximate multilayer solution, which is explained in section 3.3.  
3.2 Methodology to create the equivalent FG sandwich plate in Two 
steps 
In Appendix A there is a summary of the different cases and parameters of the 
equivalent 4 (variable Poisson’s ratio ()) and 3 (constant Poisson’s ratio ()) isotropic 
plates studied in Alcazar Arevalo (2014). We are going to use the values in the tables 
at the end of Appendix A in order to verify the methodology proposed by Kennedy and 
Cheng (2012) and Kennedy et al. (2014). 
In order to create the equivalent FG sandwich plate, we took the original 3 or 4 layers 
plate proposed by Alcazar Arevalo (2014), and we add another plate exactly equal at 
the top, but inverted, as we can see in the Figure 3.1. Consequently, we obtained a 
new sandwich plate with 6 or 8 layers that is perfectly symmetrical.  
          
Figure 3-1. Creation process in Two steps of the equivalent FG sandwich plate from an original 
equivalent 4 isotropic layers plate 
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The process to build the equivalent FG sandwich plate implies Two steps: 
1) Obtain an equivalent up to 4 isotropic layers plate following the models 
proposed by Kennedy and Cheng (2012) and Kennedy et al. (2014). 
2) Create from this original plate, a new sandwich plate, just copying the properties 
in an inverted order.  
Working in that way, that is not necessary modify the methodology and change any of 
the equations described in Alcazar Arevalo (2014) (and summarise in the Case of 
Study (Appendix E)) to obtain the new symmetrical configuration. Obviously, the new 
equivalent FG sandwich plate will be exactly double size than the original equivalent 
FG plate, and its parameters (thickness (ℎ∗ ', Young’s modulus (∗ ), Poisson’s ratio 
and (∗ )) will be the same. 
It is important highlight that the configuration with the ceramic material at the centre 
(hardcore) has been chosen to the detriment of the other possible situation, with the 
metal in the centre (softcore), because we will intend to compare our frequencies and 
buckling loads with some literature review results, where the “hardcore” configuration 
is the most commonly used. 
3.3 Well-converged approximate multilayer solution 
3.3.1 Introduction 
We have a FG Plate where the properties are varying thought the thickness, and we 
are going to represent that plate by means of a 1, 2, 3 or 4 isotropic layers equivalent 
model.  
Alternatively, we can represent the FG Plate dividing this one into lots of layers in order 
to create a well-converged approximate multilayer solution. 
We will use this approximate multilayer solution to verify that our equivalent isotropic 
model is correct. 
3.3.2 Methodology to create the approximate multilayer solution 
The methodology to create this approximate solution consists in calculate the vibration 
and buckling of the FG Plate divided in different number of layers (nD). This number of 
layers starts in nD = 2, and is doubled each time, so we are going to nD = 64, 128, 256… 
layers. Each i-layer has the same thickness  1EF   but different properties that are 
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changing gradually through the thickness (P(z)= Young’s modulus (E), Poisson’s ratio 
(), material density (ρ)…), which are defined following the Voight’s rule of mixtures 
(Eq. 3-1). 
G%&' = GH + %GI − GH'J%&' ( 3-1 ) 
Where ‘h’ is the total thickness of the structure, ‘Pr’ and ‘Pm’ are the reinforcement and 
matrix material properties respectively and ‘V(z)’ is the Volume fraction following the 
Power law distribution (Eq. 3-2). 
J%&' = K12 + &ℎL
M 	%N ≥ 0' ( 3-2 ) 
With  
& = ℎ2 K−1 + 2. − 1NP L ( 3-3 ) 
 
With regard to the density, in the CPT’s equations of motion appears the mass per unit 
area m = I0 from Eq. 2-3, but not the higher inertial terms. This implies that it is not 
necessary the variation of the density and is enough just taking the equivalent density 
in each layer (Eq. 3-4). 
ρ∗ = QρR + ρS − ρRn + 1 T ( 3-4 ) 
However, in HSDT, all the Inertia terms (from I0 to I6) play a role in order to calculate 
the natural frequencies, so the equations are capturing effects from different layers, 
and there is same interaction between them. Consequently, if we write a different 
density following the Voight’s rule of mixtures (Eq. 3-1), instead of working with a 
constant equivalent density in each layer, we will be a little bit more accurate. 
3.3.3 Converging pattern 
The error calculating buckling loads or natural frequencies will be considered as the 
difference between each individual case with the last case that is the infinite number 
of layers, and later we will plot this error against the number of layers in a log-scale. If 
is converging properly, the error go down to zero and is obtained an infinite accuracy, 
so with an infinite number of layers, the log of the errors will go to infinite, and then the 
graph is expected to be a straight line. On the other hand, if it converges to a horizontal 
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line, this is saying if you have an infinite number of layers, you will still have that amount 
of error, so in this last case is going to converge on something which is not the same 
as the right answer. 
Using this logic here, we do not know what the correct answer is, but we do know that 
if we increase the number of layers, the model will converge on something, and we will 
assume that this will be the correct answer. In summary, if it converges on a straight 
line, the model is correct and it matches our solution completely. Otherwise, if 
converges on something else, then the model is incorrect.  
We can see in the Figures 3.2 and 3.3 the converging pattern for the first case studied.  
  
Figure 3-2. Comparison of the relative errors (%) for five different volume fraction index in the first ten 
critical buckling loads and natural frequencies calculated by MATLAB (HSDT) for a well-converged 
approximate multilayer solution equivalent to a FG sandwich plate with b/h = 10 and ES = 350	GPa; ER = 70	GPa, 	νS = νR = 0.3 
  
Figure 3-3. Comparison of the relative errors (%) for five different volume fraction index in the first ten 
critical buckling loads and natural frequencies calculated by MATLAB (HSDT) for a well-converged 
approximate multilayer solution equivalent to a FG sandwich plate with b/h = 10 and ES = 350	GPa; ER = 70	GPa, 		νS = 0.15;	νR = 0.3	 
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In all the cases, the approximate multilayer solution graphs show the relative errors 
compared with the 65,536 layers. Always in 0.2 and 0.5 is worse, but even in this 
cases, the line is going down by a minimum of 4 orders of magnitude, so is a little bit 
better than linear.  
3.4 Analysis of results and discussion 
3.4.1 Introduction 
In the Appendix B.1. are exposed in tables the parameters of the equivalent isotropic 
sandwich plates from Alcazar Arevalo’s (2014) that have been used in order to create 
the equivalent FG sandwich plate in Two steps. 
The studied plate is a simply supported square plate in all the boundaries. 
Furthermore, in all the cases where we analyzed, the critical buckling load is 
considered an uniaxial compression.  
In relation to the wavelength data, the program allows us to choose the numbers of 
modes in the longitudinal and transverse direction we want. In this regard, “m” and “n” 
are the number of the half waves assumed in the buckled shape in the longitudinally 
and transversely directions respectively. 
In our case, the chosen eigenvalues are always n=1 half wave transversely and up to 
10 (m=1-10) longitudinally. Other possibility could be m=1, 2 and n=1, 2, 3, 4, 5. The 
latter supplies the lowest set of frequencies, but the former will give us a wider range 
of results. 
All the errors are expressed in “%relative error” against the well-converged 
approximate multilayer solution calculated with the variable density with NP =	65,536 
isotropic layers, following the equation 3.5: 
U	%%' = W − WMXWMX · 100 ( 3-5 ) 
All the natural frequencies and buckling critical loads calculated in this section are 
written in the tables of the Appendix B.2. For clarity, those tables have been named 
with a coincident number that the Figure created with their data. 
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Note that in the graphs expressed in logarithmic scale all the errors have positive sign, 
and the shape going down and up is due to the values are changing sign.  
 
3.4.2 Effect of the plate theory 
   
Figure 3-4. Comparison of the relative errors (%) for the three theories in the first seven critical 
buckling loads and natural frequencies calculated by VICONOPT (CPT and FSDT) and MATLAB 
(HSDT) from an equivalent 8 layers FG sandwich plate with volume fraction index n=0.2 and b/h = 10.
 ES = 350	GPa; ER = 70	GPa, νS = 0.15; νR = 0.3  
In the figures 3-4 are drawn the differences between the 3 theories in a plate with an 
aspect ratio b/h=10. We can see that the error in CPT increase rapidly, and in the 
higher eigenvalues is even more than 100% in buckling, so the Classical Plate Theory 
is definitively not valid for moderate thick plates. That is originated because the shear 
deformation is coming to play a significant effect in the deformation of the plate in the 
higher eigenvalues. 
In contrast, between the FSDT and HSDT there are only an approximately 2% of 
difference, indicating that in moderate thick plate (b/h = 10), the results of the FSDT 
theory still being very accurate. However, the problem of the FSDT is their dependency 
of the Shear Factor, because as we will see in the Figure 3-6, the election of this is 
essential in the estimation of the eigenvalues and consequently, there is always a 
subjective variable in the system. That is the origin of the problems with the analysis 
in FSDT.  
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3.4.3 Effect of the plate aspect ratio 
  
Figure 3-5. Comparison of the relative errors (%) for the aspect ratios b/h=10 and b/h=100 in the  first 
ten critical buckling loads and natural frequencies calculated by VICONOPT (CPT and FSDT) and 
MATLAB (HSDT) from an equivalent 8 layers FG sandwich plate with volume fraction index n=0.2.   ES = 350	GPa; ER = 70	GPa, νS = 0.15; νR = 0.3  
Figures 3-5 show two different aspect ratios b/h: 10 and 100. The errors in the aspect 
ratio b/h=10 are higher than the aspect ratio b/h=100, where the CP theory errors have 
a similar order of magnitude than in the FSD and TSD theories. 
On the other hand, the natural frequencies and critical buckling loads obtained in b/h 
=10 are one hundred times and ten times respectively the values in b/h=100 (Appendix 
B.2). 
The comparison for the aspect ratio b/h = 100 (thin plate) has been useful also for 
validate the modifications introduced in the MATLAB code. As the HSDT results 
calculated with MATLAB are, as expected, very similar to the obtained in VICONOPT 
for FSDT and CPT (Table 3-5), we can conclude that the modifications introduced in 
the MATLAB files have not affected in a bad way the code. 
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3.4.4 Effect of the plate shear factor 
The FSDT depends crucially on the shear factor, and that’s one of the difficulties of 
FSDT. In this kind of equivalent FGplates, every layer is isotropic with different 
properties, so we can expect that the Shear factor will change with the thickness. 
VICONOPT can use two kinds of shear factor: Whitney’s method and Cohen method. 
The Cohen method is the methodology that is applied by default. The shear factor is 
calculated, and is much more complex because depend of the layer properties. In this 
analysis, the Shear factor with the Cohen Method results K=0.96. On the other hand, 
with the Whitney’s method the Shear factor applied was K=0.88. These values have 
been introduced in the MATLAB code in order to compare exactly both programs.  
  
Figure 3-6. Comparison of the relative errors (%) for FSDT with different shear factors in the first ten 
critical buckling loads and natural frequencies calculated by VICONOPT and MATLAB from an 
equivalent 8 layers FG sandwich plate with volume fraction index n=0.2 and b/h = 10. ES = 350	GPa; ER = 70	GPa, νS = 0.15; νR = 0.3  
We can see in the Figures 3.6, the MATLAB cases are very dependent on the shear 
correction factor, and the errors are much higher than in VICONOPT.  
The first eigenvalue is very affected for the density in the MATLAB. This can be due to 
the density’s dependency of the methodology that was mentioned in the chapter 2.2.3. 
Consequently, the MATLAB program will not be used to calculate FSD theory.  
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3.4.5 Effect of the volume fraction index 
   
Figure 3-7. Comparison of the relative errors (%) for five different volume fraction index in the first ten 
critical buckling loads and natural frequencies calculated by MATLAB (HSDT) from an equivalent 6 
layers FG sandwich plate with b/h = 10. ES = 350	GPa; ER = 70	GPa, 	νS = νR = 0.3 
 
   
Figure 3-8. Comparison of the relative errors (%) for five different volume fraction index in the first ten 
critical buckling loads and natural frequencies calculated by MATLAB (HSDT) from an equivalent 8 
layers FG sandwich plate with b/h = 10. ES = 350	GPa; ER = 70	GPa, νS = 0.15; νR = 0.3  
In the figures 3-7 and 3-8, we can see the effect of the volume fraction exponent in the 
eigenvalues. In most of the cases, in the first eigenvalue this error is even higher than 
1%, and as we are studying a square plate, we are expecting to buckle first in m=1, so 
this is the worst result that we can obtain. 
In the 6 layer model case, the volume fraction index n=1 has a different behavior in 
buckling where we are obtaining good results. This can be possible due to the 
properties are varying linearly in n=1. All these differences lead us to conduct an 
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exhaustive analysis of the stiffness matrices in order to explain the figures obtained. 
This analysis is in the next point 3.4.6.  
On the other hand, it was found in Alcazar Arevalo’s (2014) two possible combinations 
of parameters that solved the non-linear system of equation for the case of the 
equivalent 4 layers model in the volume fraction index n=0.5. In the Figure 3-8, if we 
analyse the graph of bucking for the equivalent sandwich plate, we can see that the 
error of the first n=0.5 is one significant figure better than the error of the other. This 
implies a great dependency of the methodology in the solve technique, so in the 
chapter 5 we will analyse some techniques in order to improve the mathematic 
methodology that involves the use of “fsolve”. 
3.4.6 Analysis of the stiffness matrices 
We are going to analyze how accurate are the stiffness matrices, because these 
differences we are obtaining in the eigenvalues are suggesting that it might exist a 
difference of that such of order in the stiffness matrices.  
We will examine the case with constant Poisson ratio (ES=350 GPa; ER=70 GPa; νS =νR =0.3), because studying this case we can discard any effect coming from the 
variation of the Poisson’s ratio (). The B and E matrices are not considered because 
when the plate is symmetrical, they will be null. 
 
Firstly, in the Table 3-1 is showed the % relative error obtained for the well-converged 
approximate multilayer solution. We are doing this comparison because if for example 
the multilayers solution have an error about 3 significant figures (0.1%) compare to the 
reality (series solution), any of the eigenvalues calculate from the equivalent plates will 
be not better than this 0.1%. This is due to the error in buckling and vibration is obtained 
against an approximate solution that has itself this inherent error.  
We can appreciate in Table 3-1 that the relative error in all the cases is at least of 8 
significant figures, so the error of 2 significant figures (1%) that we get previously in 
the calculation of the firsts eigenvalues is not referable to the a approximate multilayer 
solution. 
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UNSYMMETRICAL SYMMETRICAL 
 n=0.2 n=0.2 
A11=A12 1.6E-07 1.6E-07 
D11=D12 5.0E-07 5.4E-07 
F11=F12 8.4E-07 9.6E-07 
H11=H12 1.2E-06 1.4E-06 
Table 3-1. Relative errors (%) in the stiffness matrices of a FG plate and a FG sandwich plate 
comparing the exact series solution against an approximate layered solution with nl=32,784 with 
volume fraction index n=0.2. ES  350	GPa; ER  70	GPa;	νS  νR  0.3 
Secondly, we are going to compare the stiffness matrices of the equivalent 3 layers 
FGplate (unsymmetrical) and the equivalent 6 layers FG sandwich plate (symmetrical) 
against the series solution in the volume fraction index n=0.2 and n=1 (Figure 3-9 and 
Table 3-2). We chose this “n” because, as it was commented previously, the behaviour 
in the n=1 results differs from the others volume fraction index. 
  
Figure 3-9.Relative errors (%) in the stiffness matrices of a FG plate and a FG sandwich plate 
comparing the exact series solution against an equivalent 3 layers FG plate (unsymmetrical) and an 
equivalent 6 layers FG sandwich plate (symmetrical) with volume fraction index n=0.2 and n=1.      ES  350	GPa; ER  70	GPa;	νS  νR  0.3 
 
UNSYMMETRICAL SYMMETRICAL 
 n=0.2 n=1 n=0.2 n=1 
A11=A12 1.6E-15 2.1E-15 2.7E-15 3.4E-15 
D11=D12 4.6E-15 2.3E-15 1.1E-02 2.2E-14 
F11=F12 8.0E-15 1.4E-15 1.9E-02 3.6E-14 
H11=H12 1.0E-14 2.4E-15 2.4E-02 4.4E-03 
Table 3-2. Relative errors (%) in the stiffness matrices of a FG plate and a FG sandwich plate 
comparing the exact series solution against an equivalent 3 layers FGplate (unsymmetrical) and an 
equivalent 6 layers FG sandwich plate (symmetrical) with volume fraction index n=0.2 and n=1.     ES  350	GPa; ER  70	GPa;	νS  νR  0.3 
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The Figure 3-9 and the Table 3-2 show that in the unsymmetrical case (3 layers 
equivalent plate), the error is at least 16 significant figures in all the matrices. However, 
when we convert this plate into a symmetrical one (6 layers equivalent sandwich plate), 
the error in the A matrices still being with the same order of magnitude, but the error in 
the D, F and H matrices decrease enormously, especially in the n=0.2, what explained 
the bad results obtained in the calculation of the eigenvalues. 
In brief, if we find only approximate match of the stiffness terms, then we are going to 
find only approximate natural frequencies and buckling loads. The unsymmetrical 3 
layers model is giving good matches for all the parameters, and then when we put the 
two plates together in order to create the sandwich plate, it doesn’t match anymore.  
The explanation for that might be in something in relation with the integrals, because 
the A matrix is the only one that is not affected, and in the symmetrical case is exactly 
double than the unsymmetrical. In contrast, the other matrices have a lot of error in the 
symmetrical case, and they involves in their integrations high exponents (Eq.2-1), so 
unlike the A matrices, the position of the material in the plate is very important.   
These problems with the stiffness matrices lead us to formulate a new technique in 
order to create a direct sandwich plate but following the same scheme of the original 
methodology from Kennedy and Cheng (2012) and Kennedy et al. (2014). 
This direct methodology is explained in the next Chapter 4.  
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4 NEW SANDWICH MODEL DIRECTLY SYMMETRICAL 
4.1 Introduction 
As the formation of the equivalent FG plate in Two steps led to a model with significant 
errors in the stiffness matrices, in this chapter it will be explained a new method to build 
the equivalent FG sandwich in a direct way. Onwards, we will refer to this equivalent 
FG sandwich plate as the Directly symmetrical. 
4.2 Methodology 
In order to create a new equivalent directly symmetrical FG plate based on the 
equivalent composed of several isotropic layers) we are going to follow the same 
process proposed by Kennedy and Cheng (2012) and Kennedy et al. (2014), that is 
summarized in the Chapter 1. Introduction, and in the section 3 of the Case of Study 
(Appendix E). This methodology is:  
1) Calculate the stiffness matrices of a FG plate: . The integrations required are 
calculated by means of direct integrals (constant Poisson’s ratio) or a series 
solution proposed by Dung and Hoa (2012) (variable Poisson’s ratio) exposed 
in Appendix C. 
2) Calculate the stiffness matrices of an equivalent N-isotropic layers plate: ∗  ; 
using direct integrals. 
3) Compare the independent terms:   ∗  ; and find the parameters 
(unknowns = ∗ , ℎ∗ , ∗ 	) of the equivalent plate (Appendix D).  
The stiffness matrices of a FG plate  are expressed in Eq. 2-1, where the Q’s have 
the value exposed in the Eq. 2-2. In those equations, the Young Modulus E(z) and the 
Poisson ratio v%z' are changing gradually through the thickness. If we homogenate the 
FG plate following the Voight’s rule of mixtures (Eq. 4-1 and Eq. 4-2), we will have 
E%z' = ER + %ES − ER' · V%z' = ER + ∆E · V%z' ( 4-1 ) 
ν%z' = νR + %νS − νR' · V%z' = νR + ∆ν · V%z' ( 4-2 ) 
Where the subscripts r and m denotes the reinforcement and matrix material properties 
respectively, and ‘V(z)’ is the Volume fraction following the Power law distribution, 
which in this case, for a directly symmetric sandwich, is expressed in Eq 4-3. and is 
drawn in the Figure 4-1. 
Buckling and vibration of equivalent layered models for functionally graded plates including third-order 
shear deformation theory 
Torro Torro, Moises   28 
 
 
V%z'  K2zh + 1L
E 	for	z ∈ a−ℎ2 ,0b 
V%z' = K−2zh + 1L
E 	for	z ∈ a0, ℎ2b 
( 4-3 ) 
Where ‘h’ is the total thickness of the structure and ‘n’ is the Volume fraction index.  
 
Figure 4-1. Homogenization scheme of a FGM plate. E(z) with different volume fractions index 
following Power law in Voight’s rule of mixtures.  ES = 300	GPa (centre) ER = 100	GPa (top and bottom) 
It is very important to remark that in the sandwich plate configuration, as the plate is 
symmetrical, the matrices B and E will be 0 (Eq. 2-1). 
Now, we have to distinguish between two cases in function of the Poisson ratio (). 
 
4.2.1 Equivalent FG sandwich plate with six isotropic layers for 
constant Poisson ratio  
As B and E are null, we have 2 independent equations less than in the original 
methodology. So the independent stiffness parameters are: 
 55, "55	, 55, H55 
This means 4 independent equations. 
On the other hand, in a model with 6 isotropic layers and constant Poisson ratio (), 
where 3 are exactly the same, we have 6 unknowns (Figure 4-2, left image): 
ℎ5∗ , ℎ)∗ , ℎ*∗ , 5∗, )∗, *∗ 
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So, we need 2 more equations. One it will be a new condition in relation to the original 
methodology, consisting of the addition of the equivalent isotropic layers thicknesses 
equal to the total thickness of the FG sandwich plate ℎ  ℎ5∗ + ℎ)∗ + ℎ*∗  
The other one it will be just keep the !55. In equation B, left hand side will be 0, so we 
will have an equation that is 0=0, that it will be not useful, but is necessary for the 
correct operation of the “fsolve”.  
Analyzing the results, the non-linear system of equations is giving multiple solutions, 
although very similar between them, and when compute the eigenvalues, all the 
solutions give exactly the same values. 
 
4.2.2 Equivalent FG sandwich plate with six isotropic layers for 
variable Poisson ratio  
As B and E are null, we have 4 independent equations less than in the original 
methodology. So the independent stiffness parameters are: 
 55,  5), "55, "5)	, 55, 5), 55, 5) 
This means 8 independent equations. 
On the other hand, in a model with 6 isotropic layers and variable Poisson ratio (), 
where 3 are exactly the same, we have 9 unknowns (Figure 4-2, right image): 
ℎ5∗ , ℎ)∗ , ℎ*∗ , 5∗, )∗, *∗, 5∗, )∗, *∗ 
So, we need 1 more equation, that it will be the same that in the previous case: the 
addition of the equivalent isotropic layers thicknesses equal to the total thickness of 
the FG sandwich plate ℎ  ℎ5∗ + ℎ)∗ + ℎ*∗ . 
Analyzing the results, the non-linear system of equations is giving an unique solution. 
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Figure 4-2. Equivalent FG sandwich Plate with six isotropic layers for constant Poisson ratio (left) and 
variable Poisson ratio (right) used in HSDT obtained by Directly symmetrical models. 
In appendix D, are written all the equations of the non-linear system of equations for 
both cases. Note that in the new methodology, the first top and bottom layer (closer to 
the metal rich surface) will be the number 1. This is different from the nomenclature in 
the previous Two steps methodology, and is due to the z should be defined 
downwards, following the same way that it was defined in the VICONOPT, MATLAB 
code and series solution. 
As a summary, in the Tables 5-1 and 5-2, have been summarized the main 
characteristics and parameters of both methodologies applied in the present study. 
On the other hand, the equivalent mass density (ρ∗'	will be calculated in the same way 
that it was in the previous methodology, using the Voight’s rule of mixtures, and it will 
be expressed as the mass per unit area (m = I0) of the original plate, divided by the 
thickness of the new equivalent plate (h*) (Eq. 4-4). 
ρ∗  QρR ; ρS < ρRn ; 1 Td hh∗ e ( 4-4 ) 
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5 IMPROVEMENTS IN THE RESOLUTION OF THE NON-LINEAR 
SYSTEM OF EQUATIONS 
5.1 Introduction 
Firstly, it has been analysed the methodology proposed by Alcazar Arevalo’s (2014) 
regarding to the use of “fsolve” function, and we found that the answers depend 
enormously on the start values. Furthermore, if our initial guess is not close enough to 
the solution, the system stops prematurely without give a correct answer, even when 
the number of allowed iterations is increased, or the tolerance reduced.  
In these cases, the only way to find a correct initial point is analyzing the behavior of 
the thickness (h), Young’s modulus (E) and Poisson’s ratio (), with different power law 
coefficients (n), obtained in the CPT, which is very cumbersome. 
In addition, as we see in the previous chapter, sometimes are found more than one 
possible solution, and we need look carefully these cases. Actually, in the equivalent 
4-layers plate, with 12 equations probably will be 12 possible solutions, but some of 
them will be negative. It will be useful put some kind of constraints, in order to set 
bounds to the non-logical solutions such as the Young’s modulus negatives, and thus 
eliminate possible parameters combinations, in a similar way as it was done by Alcazar 
Arevalo’s (2014) in the working out of the analytical solution for the equivalent 2-layers 
plate.  
Several improvements that have been studied and proposed in order to make the run 
quicker and reliable are shown in the next sections. 
5.2 Non-dimensional form of the system of equations 
In the Alcazar Arevalo’s (2014) work, the thickness (h) and Young’s modulus (E) are 
scaled in order to be closer numbers between them and the Poisson’s ratio (). This is 
because the order of the Young’s modulus (E) is some different powers of the 
thickness (h), so depending what units you use for the parameters, the “fsolve” function 
of MATLAB will need a completely different time to solve the equations. So, it will be 
better if we have all the equations in the same order of magnitude. 
Consequently, we propose writing the system of equations into a non-dimensional 
form, obtaining a more general methodology. Using this non-dimensional form, the h, 
E, and  upper and lower boundaries will be always 1 and 0 respectively. In the 
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Appendix D are writing the equations used in order to make them non-dimensional. 
5.3 Analytical solution 
It has been tried to find an analytical solution for the 3 and 4-equivalent layers plate. 
However, the way of working out the values is quite complicated and challenging. We 
have 9 properties (4 layers model) or 6 properties (3 layers model) and we should 
manage to eliminate same of them. The problem is that there are 12 non-linear 
simultaneous equations (4 layers model) and when we try to substitute then, one 
variable comes out as quadratic or cubic function of the other variables, substituting in 
the other equations and then gets a higher order polynomial equation with several 
roots, or equations with fractions of polynomials in the numerator or denominator that 
finally have to be solved numerically anyway. Consequently, this option has been 
discarded. 
5.4 Solve the system of equations with constraints 
The function “fsolve” of MATLAB does not allow set a boundary constraint in its 
options. However, it exists in the MATLAB’s library another function able to cope with 
non-linear systems of equations: “lsqnonlin”, which is programmed to work minimizing 
the sum of squares of the parameters involves in the function F(x).  
Other advantageous feature of the “lsqnonlin” function is that can be linked with the 
MATLAB’s Global Optimization Toolbox function “Multistart”, and thus generate 
automatically a random number of initial points. “Multistart” tries lots of different start 
points, and solve the system in random places, and then just choose the best one by 
the smallest value of the Function F(x). Later, this last value became the starting point 
of the “lsqnonlin”. 
5.5 Final strategy 
The function “lsqnonlin” working together with the “multistart” has been tested in 
several cases following the methodology described in Alcazar Arevalo’s (2014), but 
implementing the thickness (h), Young’s modulus (E) and Poisson’s ratio () in the 
non-dimensional form, and in all of them very satisfactory results have been obtained, 
finding always a solution for the non-linear system of equations in just few seconds. 
However, the highest precision obtained in the results is only between 4 and 6 
significant figures. The “fsolve”, when is able to find a solution, gives a precision 
between 14 and 16 significant figures. 
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For this reason, the strategy implemented it will be use the “lsqnonlin” together with 
the “multistart” with a tolerance of 1·10-8, and then use its solution as starting point for 
the “fsolve” with a tolerance of 1·10-16 in order to improve the results. As the starting 
point for the “fsolve” it will be very close to the final solution, in just few iterations the 
function will find a solution for the system with very high precision. 
With regard to the number of iterations (random initial points) in the “Multistart”, after 
testing several numbers with different cases, it has been observed that the most 
successful number is “20”. 
As a summary, in the Tables 5-1 and 5-2, have been summarized the main 
characteristics and parameters of both methodologies applied in the present study. 
Ner Present Work Plate Theory 
Poisson 
ratio (f) Methodology 
1 Equivalent 6 layers plate TSDT Constant Equivalent FD sandwich 
plate in Two steps 2 Equivalent 8 layers plate TSDT Varying 
3 Equivalent 6 layers plate TSDT Constant Equivalent FD sandwich 
Directly symmetrical 4 Equivalent 6 layers plate TSDT Varying 
Table 5-1. Main characteristics of the methodologies applied in order to model the FG sandwich plate 
by means of an equivalent plate composed of several isotropic layers  
 
Ner Independent terms ghi Unknowns Solve technique 
1  55, !55, "55,	55, 55, H55 ℎ5∗ , ℎ)∗ , ℎ*∗ , 5∗, )∗, *∗ 
fsolve 
2  55,  5), !55, !5), "55, "5),	55, 5), 55, 5), H55, H5) ℎ5
∗ , ℎ)∗ , ℎ*∗ , ℎ+∗ , 5∗, )∗, *∗, +∗, 5∗, )∗, *∗, +∗ 
3  55, "55	, 55, H55 ℎ5∗ , ℎ)∗ , ℎ*∗ , 5∗, )∗, *∗ Multistart lsqnonlin 
and fsolve 4  55,  5), "55, "5),	55, 5), H55, H5) ℎ5
∗ , ℎ)∗ , ℎ*∗ , 5∗, )∗, *∗, 5∗, )∗, *∗ 
Table 5-2. Main parameters of the methodologies applied in order to model the FG sandwich plate by 
means of an equivalent plate composed of several isotropic layers  
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6 ANALYSIS OF RESULTS AND DISCUSSION 
6.1 Introduction 
In this chapter, we are going to analyze the accuracy of the new Directly symmetrical 
methodology. All the conditions that were explained in chapter 3.4.1 are still being the 
same here: 
The studied plate is a simply supported square plate in all the boundaries. 
Furthermore, unless otherwise indicated, in all the cases where we analyzed the critical 
buckling load, is considered an uniaxial compression.  
The 10 numbers are the first 10 natural frequencies or bucking loads.  
All the errors are expressed in “%relative error” against the well-converged 
approximate multilayer solution calculated with the variable density and NP 65,536 
isotropic layers, following the equation 3.5. 
In the Appendix B.3. all the natural frequencies and buckling critical loads calculated 
in this section are written in tables. Those tables have been named with a coincident 
number that the Figure created with their data for clarity. The rows referred as DSYM 
make reference to the data calculated in this chapter following the Directly symmetrical 
equivalent FG sandwich plate. 
Note that in the graphs expressed in logarithmic scale all the errors have positive sign, 
and the shape going down and up is due to the values are changing sign.  
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6.2 Effect of the volume fraction index 
  
Figure 6-1. Comparison of the relative errors (%) for five different volume fraction index in the first ten 
critical buckling loads and natural frequencies calculated by MATLAB (HSDT) from an equivalent 6 
layers FG sandwich plate (dash lines) and an equivalent directly symmetrical 6 layers FG sandwich 
plate (solid lines) with b/h = 10. ES  350	GPa; ER  70	GPa, 	νS  νR  0.3 
 
  
Figure 6-2. Comparison of the relative errors (%) for five different fraction index in the first ten critical 
buckling loads and natural frequencies calculated by MATLAB (HSDT) from an equivalent 8 layers FG 
sandwich plate (dash lines) and an equivalent directly symmetrical 6 layers FG sandwich plate (solid 
lines) with b/h = 10. ES  350	GPa; ER  70	GPa, νS  0.15; νR = 0.3  
 
Figures 6.1 and 6.2 and Tables 6.1 and 6.2 (In appendix B.3) compare the results 
obtained from the previous methodology (dash lines) with the ones computed using 
the new directly symmetrical sandwich plate (solid lines). We can see in all the cases 
the results obtained with the new methodology have a significant reduction in the error, 
especially in the analysis of the critical buckling load, where in all the cases the error 
has minimum 6 significant figures (n= 0.2).  
In contrast, in vibration, although the error obtained is better that it was in the past, is 
only about 3 significant figures (0.1 %) in the first eigenvalue. As this error is 
reproduced only in the vibration analysis, might be something to do with the density 
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and the way that is compute. As it was commented previously in chapter 4.2.1, in the 
methodology it was assume an equivalent mass per unit area, and maybe should need 
have a different density. If instead of comparing the fundamental frequencies obtained 
with the equivalent directly symmetrical sandwich plate with the multilayer solution 
calculated with the variable density, we do this comparison with the multilayer solution 
calculated with the equivalent density, we can see in the Figure 6-3 that the error 
diminishes and reduces to at least 6 significant figures, being in this case very similar 
to the errors obtained in the buckling analysis, and constant with the wavelength. 
Consequently, we can affirm that the high amount of the error and the behaviour that 
we observe in the vibration figures and tables, is due to the action that the use of the 
equivalent density is playing. 
   
Figure 6-3. Comparison of the relative errors (%) for five different fraction index in the first ten natural 
frequencies calculated by MATLAB (HSDT) from an equivalent 6 layers FG sandwich plate against an 
approximate multilayer solution with constant equivalent density (solid lines) and an approximate 
multilayer solution with variable density (dash lines) with b/h=10. ES  350	GPa; ER  70	GPa,          	νS  νR  0.3 (Right)  νS  0.15; νR = 0.3 (Left) 
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6.2.1 Additional constant Poisson’s ratio () cases  
  
Figure 6-4. Comparison of the relative errors (%) for five different fraction index in the first ten critical 
buckling loads and natural frequencies calculated by MATLAB (HSDT) from an equivalent directly 
symmetrical 6 layers FG sandwich plate with b/h = 10. ES  210	GPa; ER = 70	GPa, νS = νR = 0.3 
 
  
Figure 6-5. Comparison of the relative errors (%) for five different fraction index in the first ten critical 
buckling loads and natural frequencies calculated by MATLAB (HSDT) from an equivalent directly 
symmetrical 6 layers FG sandwich plate with b/h = 10. ES = 140	GPa; ER = 70	GPa, νS = νR = 0.3 
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6.2.2 Additional variable Poisson’s ratio () cases  
  
Figure 6-6. Comparison of the relative errors (%) for five different fraction index in the first ten critical 
buckling loads and natural frequencies calculated by MATLAB (HSDT) from an equivalent directly 
symmetrical 6 layers FG sandwich plate with b/h = 10. ES  210	GPa; ER = 70	GPa, νS = 0.15; νR = 0.3  
 
  
Figure 6-7. Comparison of the relative errors (%) for five different fraction index in the first ten critical 
buckling loads and natural frequencies calculated by MATLAB (HSDT) from an equivalent directly 
symmetrical 6 layers FG sandwich plate with b/h = 10. ES = 140	GPa; ER = 70	GPa, νS = 0.15; νR = 0.3  
The buckling figures provides also information about the role is playing the volume 
fraction index. We can see in the Figures 6-1, 6-2, 6-4, 6-5, 6-6 and 6-7 and their 
equivalent tables, that in all the cases the graphs have the same behaviour, being the 
highest volume fraction exponents (n= 1, n=2 and n=5), that are the closest plates to 
the full matrix, the ones that have less error and more variability as the wavelength 
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number is increasing.  
On the other hand, the lowest volume fraction index (n=0.5, and 0.2), that are the 
closest plates to the pure reinforcement, present always the highest % of error, 
especially the n=0.2, what is saying that, the more our sandwich plate is becoming a 
complete ceramic plate, the more error we are getting in our analysis calculating critical 
buckling loads.  
These dependency of the error with the volume fraction rules is not reproduced in the 
vibration analysis, where all the errors follow exactly the same pattern and have the 
same order of magnitude, independently of the Young modulus considered in the 
reinforcement. 
Is remarkable also that the accuracy that we obtain in the models with variable 
Poisson’s ratio () is almost the same than the one that we get in the models with 
Poisson ratio () is not constant (Tables Appendix B.3.). 
6.3 Comparison of the results with other papers and discussion 
In this section, we are going to compare the critical buckling load and natural 
frequencies obtained by means of the equivalent directly symmetrical sandwich, with 
data from published papers, in order to verify the goodness of the methodology 
described in the previous chapters against other solutions more accurate than the well-
converged approximate multilayer solution. The external data comes from a sinusoidal 
shear deformation theory of FG sandwich plates (HSDT) published by Zenkour (2005), 
where some numerical analysis of buckling and free vibration were conducted, and a 
3D solution for vibration analysis in FG sandwich plates purposed by Li et al. (2008). 
Usually, the three-dimensional solutions are considered as exact, so it will be very 
challenging verify the data against this solution. In both cases, only the first eigenvalue 
values were published. 
The FG sandwich analysed is a simply supported plate with an Alumina (Al)O*) core 
and Aluminum (Al) surfaces, which material properties are:  
Ceramic: Alumina (Al)O*); Em  380	GPa; νm  0.3; ρm = 3,800	kg/m*. 
Metal: Aluminum (Al); ER = 70	GPa; νR = 0.3; ρR = 2,707	kg/m*. 
The non-dimensional critical buckling and natural frequency are defined as: 
Buckling and vibration of equivalent layered models for functionally graded plates including third-order 
shear deformation theory 
Torro Torro, Moises   40 
 
Nr  NmSa)100E?h* 									wr = wa
)h tρ?E? 											E? = 1	GPa,				ρ? = 1kg m*⁄ 	 
 
From the Figure 6-8 we can see that the equivalent directly symmetrical sandwich 
shows an agreement also with the data published, which confirm the accuracy of the 
present methodology. No significant difference have been found between the well-
converged solution and the Zankour solution, being in both cases better than 0.1 %. 
The agreement with the 3D data, as expected, is a little bit worse. Nevertheless, is only 
slightly worse of 3 significant figures, which is a very striking result.   
Other conclusion that we can extract from these analysis is that the well-converged 
approximate multilayer solution, which we are using in our study to verify the goodness 
of the data, is very close to the three-dimensional data, reaffirming our values. 
 
Figure 6-8. Comparison of the relative errors (%) for five different fraction index in the first 
dimensionless fundamental frequency calculated from an equivalent directly symmetrical 6 layers FG 
sandwich plate by MATLAB (HSDT) against a multilayer well-converge solution, a Zankour (2005b) 
TSDT solution and a Li et al.. (2008) 3D solution. b/h = 10. ES = 380	GPa; ER = 70	GPa, νS = νR = 0.3 
About the buckling critical loads, Figure 6-9 provides those error, and we can confirm 
that independently of the axial state of the square plate, the errors are at the same 
scale. In this case, the agreement with the Zenkour solution is not as big as with the 
well-converged, but still being really high.  
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Figure 6-9. Comparison of the relative errors (%) for five different fraction index in the first 
dimensionless critical buckling load calculated from an equivalent directly symmetrical 6 layers FG 
sandwich plate by MATLAB (HSDT) in uniaxial (γ1=-1 ; γ2=0) and biaxial compression (γ1=-1 ; γ2=-1) 
against a multilayer well-converge solution and a Zankour (2005b) TSDT solution. b/h = 10. ES 380	GPa; ER  70	GPa, νS  νR  0.3 
Finally, Figure 6-10 shows a logical sequence where the error that we obtain 
computing different aspect ratio equivalent sandwich plates is higher if the plate is 
thicker. In spite of this, in a very thick plate (b/h=5) where the thickness is 20% of the 
length and width, the errors computing the natural frequencies still being under 1%. 
 
Figure 6-10. Comparison of the relative errors (%) for five different fraction index in the first 
dimensionless fundamental frequency calculated from an equivalent directly symmetrical 6 layers FG 
sandwich plate by MATLAB (HSDT) against a Li et al.. (2008) 3D solution in 3 different aspect ratios 
(b/h). ES  380	GPa; ER  70	GPa, νS  νR  0.3 
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On the other hand, Figures 6-11 and 6-12 shows the behaviour of the dimensionless 
critical buckling load in seven different volume fraction index. The n=0 is considered 
as full reinforcement, and the n=10, as almost full matrix. 
We can observe in Figure 6-11 that in the first eigenvalue (m=1), the dimensionless 
critical buckling load in the uniaxial compression is exactly double than in the biaxial 
compression. This difference is being shorter as the eigenvalues is going towards the 
last one analysed (m=10).   
 
  
Figure 6-11. Comparison of the first dimensionless critical buckling load for seven different fraction 
index calculated from an equivalent directly symmetrical 6 layers FG sandwich plate by MATLAB 
(HSDT) in uniaxial (γ1=-1 ; γ2=0) and biaxial compression (γ1=-1 ; γ2=-1) with b/h=10. ES  380	GPa; ER  70	GPa, νS  νR  0.3 
On the other hand, in Figure 6-12 are drawn the dimensionless natural frequencies for 
three different aspect ratio: b/h = 5 (very thick plate); b/h = 10 (moderately thick plate); 
and b/h = 100 (thin plate).  
In the thinnest plate (b/h = 100), we can see that the dimensionless fundamental 
frequencies are growing exponentially with the higher eigenvalues values “m”.  
In the end, as one might expect, in both Figure 6-11 and Figure 6-12, the volume 
fraction index closer to the full reinforcement gives the highest natural frequencies and 
critical bucking load. This is due to the fact that the FG sandwich with more ceramic 
constituent (n closer to 0), have a higher stiffness and consequently the plate is more 
resistant to buckle.  
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Figure 6-12. Comparison of the first dimensionless fundamental frequency for seven different fraction 
index calculated from an equivalent directly symmetrical 6 layers FG sandwich plate by MATLAB 
(HSDT) in 3 different aspect ratios (b/h). ES  380	GPa; ER  70	GPa, νS  νR  0.3 
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7 CONCLUSIONS AND FURTHER WORK 
In this dissertation, a MATLAB code from Fazzolari et al. (2013) programmed under 
the Dynamic Stiffness method and with possibility to perform buckling and vibration 
analysis in HSDT, has been adapted to be able to work, not only with isotropic and 
regular composite plates where all the layers are made on the same materials 
(although with different angles), but also with several plates with different properties.   
The code assumes symmetry in the plates, so all the verification data has been 
produced from an equivalent FG sandwich plate, with a “hardcore” configuration where 
the reinforcement is located in the center of the sandwich (as we normally find in the 
literature review). The goodness and the accuracy of the obtained eigenvalues have 
been checked using a well-converged approximate multilayer solution with a varying 
density. 
CPT is not implemented in the MATLAB code rather than for a single isotropic plate, 
and the FSDT appears to be very dependent on the shear factor. Moreover, the results 
of the first eigenvalue, the most important in a square plate, showed an unstable 
pattern. This has been associated to the fact that even the buckling analysis has a 
dependency of the density. In conclusion, the MATLAB code has not been used to 
compute any CPT or FSDT analysis. In the future, if is necessary conduct any of those 
studies, it should be done using the VICONOPT program, in the same way that the 
previous studies in FG plates at Cardiff University have been done. In any case, the 
results obtained with TSDT compared with FSDT proved that although the differences 
in the moderate thick plates (b/h = 10) between both theories were only a 2%, the 
dependency of the latter on the random Shear Factor make that is always preferable 
work with the TSD theory.  
The configuration of building an equivalent FG sandwich plate in Two steps from the 
original equivalent FG plates calculated by Alcazar Arevalo (2014) gave some 
significant errors in the stiffness matrices when the equivalent FG sandwich plate was 
build. Consequently, a new model for create a Directly symmetrical FG sandwich plate 
was formulated following the same scheme of the original methodology to create an 
equivalent plates composed of several isotropic layers. 
This new model was integrated with a new strategy for solving the non-linear system 
equations, that is faster, more efficient and more reliable.  
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The critical buckling loads and natural frequencies obtained from the new Directly 
symmetrical equivalent FG sandwich plate, combined with the new strategy of 
calculation, led to a very good results in all the volume fraction index for buckling, 
where in all the cases the error has minimum 6 significant figures.  In contrast, in 
vibration is only about 3 significant figures in the first eigenvalue. This difference 
between both analyses is due to in the whole way we are doing the analysis, we are 
working with a constant equivalent density (ρ∗'. This is based on thin plate theory, 
where normally is assumed that everything is uniform thought the thickness. But with 
the HSD theory, we are working more with thick plates, and in this kind of plates is 
obvious that density is not uniform across the thickness. Consequently, as a 
recommendation of further work, is necessary study a methodology that includes the 
density as a variable as well (unknown). As it was prove in this dissertation, the 
described methodology allows have any number of unknowns, just adjusting the 
number of the equivalent isotropic plates. 
The methodology was also tested against data published in other papers, showing that 
even when the eigenvalues obtained with the equivalent Directly symmetrical FG 
sandwich plate is compare with an exact 3D solution in a very thick plate ( b/h=5) the 
errors computing the first natural frequency still being under 1%. 
In conclusion, the methodology proposed by Kennedy and Cheng (2012), Kennedy et 
al. (2014) and Alcazar Arevalo (2014), in order to model FG plates as an equivalent 
plates composed of several isotropic layers in CPT, FSDT and TSDT, and adapted in 
this dissertation to work with FG sandwich plates, has shown a high accuracy when 
the equivalent plates have been subjected to vibration and buckling analyses in TSD 
Theory. 
Is important also highlight, that the methodology proposed have almost the same 
accuracy in both models, independently if the Poisson’s ratio () is or not constant. We 
do not have to forget, that is really rare find in the literature review models of FG plates 
able to work with variable Poisson’s ratio, so the methodology proposed, together with 
the adapted MATLAB code, will help to optimize the necessary quantities and 
percentages of reinforcement in the FGM composition. 
Finally, as an additional further work, we can mention: 
Generalize the methodology to use different homogenization techniques rather than 
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Voight’s rules of mixtures, such as the exponential law, the Mori Tanaka scheme and 
the self-consistent scheme. 
The original MATLAB code only is programmed to analyse the mechanical problems. 
However, due to the environment in which the FG plates have their operating 
conditions, mainly to their major use in the aerospace industry, it will be very important 
add to the program the equations needed to apply a thermomechanical load, and be 
able to analyse the thermal buckling. Regarding to this, it was also found that 
VICONOPT have implemented the thermomechanical analysis, but for any reason, 
changes in the temperature applied in the Input file, are not reflected in the results, so 
it should be a mistake in the code. In the section 2.3 of the Case of Study (appendix 
E) are written the constitutive equations including the thermal buckling, and in section 
2.5 of the same Case of Study, are described the most common equations that appear 
in the literature review to apply numerically the distribution of the thermal buckling, thus 
this can be a good start point for a further study. 
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APPENDIX A 
Cases and parameters of the equivalent 4 and 3 isotropic plates studied in 
Alcazar Arevalo’s (2014) 
Cases studied in Alcazar Arevalo’s (2014) in TSDT: 
Functionally graded plates; Simply supported; 
Length (a) = Width (b) = 100 mm; Thickness (h) = 25 mm  
Volume fraction exponents: n= 0.2, 0.5, 1, 2, 5. 
3 layers equivalent model (constant Poisson’s ratio ()): 
1) ER (GPa)=  70  ES (GPa)=  140  νR  νS= 0.30   
2) ER (GPa)=  70  ES (GPa)=  210  νR  νS= 0.30   
3) ER (GPa)=  70  ES (GPa)=  350  νR  νS= 0.30   
4 layers equivalent model (variable Poisson’s ratio ()): 
1) ER (GPa)=  70  ES (GPa)=  140   νR= 0.3  νS= 0.25   
2) ER (GPa)=  70  ES (GPa)=  140   νR= 0.3  νS= 0.15   
3) ER (GPa)=  70  ES (GPa)=  350   νR= 0.3  νS= 0.25   
4) ER (GPa)=  70  ES (GPa)=  350   νR= 0.3  νS= 0.15   
5) ER (GPa)=  70  ES (GPa)=  350   νR= 0.25  νS= 0.3   
6) ER (GPa)=  70  ES (GPa)=  350   νR= 0.15  νS= 0.3   
To verify the 4 layers equivalent model, the natural frequencies and the critical buckling 
loads were studied in a new thin plate in CPT with VICONOPT:  
Length (a) = Width (b) = 100 mm; Thickness (h) = 2 mm  
1) uv (GPa)=  70  uw (GPa)=  350   xv= 0.3  xw= 0.15  
The properties of the 4 layers equivalent model of this last case were obtained from 
the same case above (but with different thickness) just making the thickness of the 
equivalent layers proportional. Consequently, the values for the Young’s modulus (E) 
and Poisson’s ratio () for each of the new equivalent isotropic layers are the same in 
both cases, and the only parameter that differs is the thickness (h). These parameters 
are shown in the next table: 
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4 ISOTROPIC LAYER EQUIVALENT MODEL  
  
Em=70GPa, vm= 0.30 ; Er=350 Gpa, vr= 0.15  h (mm)= 2 
Rhom (kg/m3) 7000 Rhor (kg/m3)  4000  
n 0.2 0.5 1 2 5 
h1 (mm) 0.5782 0.2676 0.2360 0.2190 0.1592 
E1 (Gpa) 345.6866 361.7813 360.4749 341.1222 316.2739 
v1 0.1527 0.1523 0.1542 0.1593 0.1675 
            
h2 (mm) 0.8675 0.6801 0.6218 0.5080 0.3642 
E2 (Gpa) 312.8987 302.3402 273.9820 237.6387 188.2000 
v2 0.1698 0.1736 0.1897 0.2119 0.2416 
            
h3 (mm) 0.4195 0.6733 0.6761 0.6496 0.5762 
E3 (Gpa) 258.6563 237.9089 181.2041 131.3343 89.0999 
v3 0.2007 0.2130 0.2438 0.2695 0.2908 
            
h4 (mm) 0.1338 0.3649 0.4517 0.6173 0.9017 
E4 (Gpa) 200.4311 138.8097 92.9193 74.2930 69.9087 
v4 0.2274 0.2648 0.2896 0.2984 0.3000 
            
H=h1+h2+h3+h4 1.9990 1.9859 1.9856 1.9939 2.0014 
 
On the other hand, using again the technique about the proportional thickness, next 
table shows us the parameters for an equivalent isotropic 3 layers plate, which have 
the same properties than in the previous case, but with constant Poisson’s ratio (). 
3 ISOTROPIC LAYER EQUIVALENT  
  
Em=70GPa, vm= 0.30 ; Er=350 Gpa, vr= 0.30 h (mm)= 2 
Rhom 
(kg/m3) 7000 
Rhor 
(kg/m3) 4000  
 
n 0.2 0.5 1 2 5 
h1 (mm) 1.0911 0.5257 0.5528 0.5322 0.1820 
E1 (Gpa) 334.3167 346.6127 326.6667 296.3626 338.1404 
            
h2 (mm) 0.8136 0.9881 0.8944 0.8102 0.5461 
E2 (Gpa) 277.9643 265.4633 210.0000 149.1053 149.2924 
            
h3 (mm) 0.1097 0.4754 0.5528 0.6742 1.2603 
E3 (Gpa) 143.5503 144.7272 93.3333 71.3934 71.6319 
            
H=h1+h2+h3 2.0144 1.9893 2.0000 2.0166 1.9883 
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APPENDIX B 
B.1. Parameters of the equivalent 4 and 3 isotropic plates studied in Alcazar 
Arevalo’s (2014) wrote in the scheme of sandwich plates following the Two steps 
methodology explained in Chapter 3.2. 
Next tables show the parameters described in the tables of the Appendix A in the form 
of a sandwich plate (Two steps configuration):  
4 ISOTROPIC LAYER EQUIVALENT MODEL  
  
Em=70GPa, vm= 0.30 ; Er=350 Gpa, vr= 0.15  h (mm)= 2 
Rhom (kg/m3) 7000 Rhor (kg/m3)  4000  
 
n=0.2 n=0.5 n=0.5 n=1 n=2 n=5
h4 (m) 0.0001338 0.0003649 0.0002060 0.0004517 0.0006173 0.0009017
h3 (m) 0.0004195 0.0006733 0.0003001 0.0006761 0.0006496 0.0005762
h2 (m) 0.0008675 0.0006801 0.0009494 0.0006218 0.0005080 0.0003642
h1 (m) 0.0005782 0.0002676 0.0005366 0.0002360 0.0002190 0.0001592
h1 (m) 0.0005782 0.0002676 0.0005366 0.0002360 0.0002190 0.0001592
h2 (m) 0.0008675 0.0006801 0.0009494 0.0006218 0.0005080 0.0003642
h3 (m) 0.0004195 0.0006733 0.0003001 0.0006761 0.0006496 0.0005762
h4 (m) 0.0001338 0.0003649 0.0002060 0.0004517 0.0006173 0.0009017
h* 0.0039980 0.0039719 0.0039843 0.0039712 0.0039878 0.0040027
E4 (Pa) 2.0043E+11 1.3881E+11 1.3928E+11 9.2919E+10 7.4293E+10 6.9909E+10
E3 (Pa) 2.5866E+11 2.3791E+11 1.5736E+11 1.8120E+11 1.3133E+11 8.9100E+10
E2 (Pa) 3.1290E+11 3.0234E+11 2.6605E+11 2.7398E+11 2.3764E+11 1.8820E+11
E1 (Pa) 3.4569E+11 3.6178E+11 3.4416E+11 3.6047E+11 3.4112E+11 3.1627E+11
E1 (Pa) 3.4569E+11 3.6178E+11 3.4416E+11 3.6047E+11 3.4112E+11 3.1627E+11
E2 (Pa) 3.1290E+11 3.0234E+11 2.6605E+11 2.7398E+11 2.3764E+11 1.8820E+11
E3 (Pa) 2.5866E+11 2.3791E+11 1.5736E+11 1.8120E+11 1.3133E+11 8.9100E+10
E4 (Pa) 2.0043E+11 1.3881E+11 1.3928E+11 9.2919E+10 7.4293E+10 6.9909E+10
v4 2.2745E-01 2.6482E-01 2.5037E-01 2.8958E-01 2.9839E-01 2.9997E-01
v3 2.0066E-01 2.1296E-01 2.7164E-01 2.4380E-01 2.6950E-01 2.9078E-01
v2 1.6981E-01 1.7358E-01 1.9414E-01 1.8966E-01 2.1189E-01 2.4157E-01
v1 1.5270E-01 1.5229E-01 1.5627E-01 1.5420E-01 1.5930E-01 1.6749E-01
v1 1.5270E-01 1.5229E-01 1.5627E-01 1.5420E-01 1.5930E-01 1.6749E-01
v2 1.6981E-01 1.7358E-01 1.9414E-01 1.8966E-01 2.1189E-01 2.4157E-01
v3 2.0066E-01 2.1296E-01 2.7164E-01 2.4380E-01 2.6950E-01 2.9078E-01
v4 2.2745E-01 2.6482E-01 2.5037E-01 2.8958E-01 2.9839E-01 2.9997E-01
Rho_eq (z) = (Rhom + ((Rhor-Rhom)/(n+1)))*(h/h*)
Rho4 (kg/m3) 4.5022E+03 5.0354E+03 5.0354E+03 5.5398E+03 6.0183E+03 6.4956E+03
Rho3 (kg/m3) 4.5022E+03 5.0354E+03 5.0354E+03 5.5398E+03 6.0183E+03 6.4956E+03
Rho2 (kg/m3) 4.5022E+03 5.0354E+03 5.0354E+03 5.5398E+03 6.0183E+03 6.4956E+03
Rho1 (kg/m3) 4.5022E+03 5.0354E+03 5.0354E+03 5.5398E+03 6.0183E+03 6.4956E+03
Rho1 (kg/m3) 4.5022E+03 5.0354E+03 5.0354E+03 5.5398E+03 6.0183E+03 6.4956E+03
Rho2 (kg/m3) 4.5022E+03 5.0354E+03 5.0354E+03 5.5398E+03 6.0183E+03 6.4956E+03
Rho3 (kg/m3) 4.5022E+03 5.0354E+03 5.0354E+03 5.5398E+03 6.0183E+03 6.4956E+03
Rho4 (kg/m3) 4.5022E+03 5.0354E+03 5.0354E+03 5.5398E+03 6.0183E+03 6.4956E+03
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3 ISOTROPIC LAYER EQUIVALENT  
  
Em=70GPa, vm= 0.30 ; Er=350 Gpa, vr= 0.30  h (mm)= 2 
Rhom (kg/m3) 7000 Rhor (kg/m3) 4000  
 
 
 
 
 
 
 
 
 
 
 
 
n=0.2 n=0.5 n=1 n=2 n=5
h3 (m) 0.0001097 0.0004754 0.0005528 0.0006742 0.0012603
h2 (m) 0.0008136 0.0009881 0.0008944 0.0008102 0.0005461
h1 (m) 0.0010911 0.0005257 0.0005528 0.0005322 0.0001820
h1 (m) 0.0010911 0.0005257 0.0005528 0.0005322 0.0001820
h2 (m) 0.0008136 0.0009881 0.0008944 0.0008102 0.0005461
h3 (m) 0.0001097 0.0004754 0.0005528 0.0006742 0.0012603
h* 0.0040287 0.0039785 0.0040000 0.0040332 0.0039767
E3 (Pa) 1.4355E+11 1.4473E+11 9.3333E+10 7.1393E+10 7.1632E+10
E2 (Pa) 2.7796E+11 2.6546E+11 2.1000E+11 1.4911E+11 1.4929E+11
E1 (Pa) 3.3432E+11 3.4661E+11 3.2667E+11 2.9636E+11 3.3814E+11
E1 (Pa) 3.3432E+11 3.4661E+11 3.2667E+11 2.9636E+11 3.3814E+11
E2 (Pa) 2.7796E+11 2.6546E+11 2.1000E+11 1.4911E+11 1.4929E+11
E3 (Pa) 1.4355E+11 1.4473E+11 9.3333E+10 7.1393E+10 7.1632E+10
Rho_eq (z) = (Rhom + ((Rhor-Rhom)/(n+1)))*(h/h*)
Rho3 (kg/m3) 4467.8876 5026.9798 5500.0000 5950.5943 6538.1456
Rho2 (kg/m3) 4467.8876 5026.9798 5500.0000 5950.5943 6538.1456
Rho1 (kg/m3) 4467.8876 5026.9798 5500.0000 5950.5943 6538.1456
Rho1 (kg/m3) 4467.8876 5026.9798 5500.0000 5950.5943 6538.1456
Rho2 (kg/m3) 4467.8876 5026.9798 5500.0000 5950.5943 6538.1456
Rho3 (kg/m3) 4467.8876 5026.9798 5500.0000 5950.5943 6538.1456
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B.2. Critical buckling loads and natural frequencies obtained using the 
equivalent 4 and 3 isotropic plates studied in Alcazar Arevalo’s (2014) wrote in 
the scheme of sandwich plates following the Two steps methodology explained 
in Chapter 3.2. 
The following tables have been obtained using the equivalent sandwich plates 
described in the Appendix B.1. The cases studied are: 
1) ER (GPa)=  70  ES (GPa)=  350   νR= 0.3  νS= 0.15  (8 layers)  
2) ER (GPa)=  70  ES (GPa)=  350  νR  νS= 0.30         (6 layers) 
All the errors are expressed in “%relative error” against the well-converged 
approximate multilayer solution calculated with the variable density and NP 65,536 
isotropic layers (green row), following the equation 3.5. 
Note that the second column in all the tables specifies the number of isotropic layers 
of the equivalent model (8 or 6), or the number of layers in the well-converged 
approximate multilayer solution (65,536). 
Units:  
Buckling loads: Ncr (N)     
Natural frequencies: w (Hz) 
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Em=70GPa, vm= 0.30 ; Er=350 Gpa, vr= 0.15 h (mm)= 4
Rhom (kg/m3) 7000 Rhor (kg/m3) 4000
Table 3-4
b/h=10 CPT, FSDT: VICONOPT
HSDT: MATLAB 1 2 3 4 5 6 7 8 9 10
CPT 1.4680E+06 2.2937E+06 4.0777E+06 6.6287E+06 9.9234E+06 1.3956E+07 1.8724E+07 2.4227E+07 3.0465E+07 3.7437E+07
Diff (%) 3.9440 9.9704 19.9958 33.9925 51.9220 73.7352 99.3728 128.7657 161.8354 198.4945
FSDT K=0,96 1.4157E+06 2.0999E+06 3.4425E+06 5.0459E+06 6.7062E+06 8.2937E+06 9.7390E+06 1.1016E+07 1.2123E+07 1.3073E+07
Diff (%) 0.2447 0.6818 1.3038 1.9982 2.6682 3.2476 3.7010 4.0153 4.1915 4.2375
FSDT K=0,88 1.4111E+06 2.0836E+06 3.3934E+06 4.9366E+06 6.5103E+06 7.9927E+06 9.3238E+06 1.0485E+07 1.1481E+07 1.2329E+07
Diff (%) -0.0853 -0.1012 -0.1397 -0.2128 -0.3303 -0.4985 -0.7198 -0.9946 -1.3216 -1.6988
HSDT 1.4112E+06 2.0843E+06 3.3961E+06 4.9445E+06 6.5291E+06 8.0300E+06 9.3889E+06 1.0588E+07 1.1634E+07 1.2541E+07
Diff (%) -0.0743 -0.0690 -0.0613 -0.0524 -0.0432 -0.0344 -0.0263 -0.0189 -0.0123 -0.0064
HSDT ρ ctn 1.4123E+06 2.0857E+06 3.3982E+06 4.9471E+06 6.5319E+06 8.0328E+06 9.3914E+06 1.0590E+07 1.1635E+07 1.2542E+07
Diff (%) 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
HSDT ρ var 1.4123E+06 2.0857E+06 3.3982E+06 4.9471E+06 6.5319E+06 8.0328E+06 9.3914E+06 1.0590E+07 1.1635E+07 1.2542E+07
Table 3-5
b/h=100 CPT, FSDT: VICONOPT
HSDT: MATLAB 1 2 3 4 5 6 7 8 9 10
CPT 1.4680E+05 2.2937E+05 4.0777E+05 6.6287E+05 9.9234E+05 1.3956E+06 1.8724E+06 2.4227E+06 3.0465E+06 3.7437E+06
Diff (%) -0.0380 0.0224 0.1230 0.2638 0.4449 0.6662 0.9277 1.2294 1.5714 1.9535
FSDT K=0,96 1.4674E+05 2.2916E+05 4.0701E+05 6.6080E+05 9.8760E+05 1.3861E+06 1.8553E+06 2.3940E+06 3.0011E+06 3.6752E+06
Diff (%) -0.0748 -0.0698 -0.0614 -0.0497 -0.0347 -0.0164 0.0051 0.0297 0.0575 0.0883
FSDT K=0,88 1.4674E+05 2.2914E+05 4.0694E+05 6.6061E+05 9.8716E+05 1.3852E+06 1.8537E+06 2.3914E+06 2.9969E+06 3.6689E+06
Diff (%) -0.0783 -0.0783 -0.0785 -0.0787 -0.0789 -0.0793 -0.0797 -0.0802 -0.0807 -0.0814
HSDT 1.4674E+05 2.2914E+05 4.0695E+05 6.6061E+05 9.8718E+05 1.3853E+06 1.8537E+06 2.3914E+06 2.9970E+06 3.6691E+06
Diff (%) -0.0782 -0.0781 -0.0780 -0.0779 -0.0777 -0.0775 -0.0772 -0.0769 -0.0766 -0.0762
HSDT ρ ctn 1.4685E+05 2.2932E+05 4.0726E+05 6.6113E+05 9.8794E+05 1.3863E+06 1.8552E+06 2.3933E+06 2.9993E+06 3.6719E+06
Diff (%) 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
HSDT ρ var 1.4685E+05 2.2932E+05 4.0726E+05 6.6113E+05 9.8794E+05 1.3863E+06 1.8552E+06 2.3933E+06 2.9993E+06 3.6719E+06
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Em=70GPa, vm= 0.30 ; Er=350 Gpa, vr= 0.15 h (mm)= 4
Rhom (kg/m3) 7000 Rhor (kg/m3) 4000
Table 3-4
b/h=10 CPT, FSDT: VICONOPT
HSDT: MATLAB 1 2 3 4 5 6 7 8 9 10
CPT 1.7848E+04 4.4621E+04 8.9242E+04 1.5171E+05 2.3203E+05 3.3020E+05 4.4621E+05 5.8007E+05 7.3179E+05 9.0135E+05
Diff (%) 2.7901 6.7914 12.9417 20.7296 29.7208 39.5912 50.1109 61.1183 72.4981 84.1665
FSDT K=0,96 1.7395E+04 4.1976E+04 7.9674E+04 1.2720E+05 1.8171E+05 2.4107E+05 3.0377E+05 3.6875E+05 4.3530E+05 5.0293E+05
Diff (%) 0.1813 0.4615 0.8330 1.2230 1.5892 1.9135 2.1909 2.4224 2.6110 2.7602
FSDT K=0,88 1.7368E+04 4.1823E+04 7.9166E+04 1.2601E+05 1.7950E+05 2.3751E+05 2.9857E+05 3.6166E+05 4.2610E+05 4.9143E+05
Diff (%) 0.0212 0.0956 0.1894 0.2802 0.3553 0.4094 0.4413 0.4516 0.4411 0.4113
HSDT 1.7368E+04 4.1828E+04 7.9181E+04 1.2605E+05 1.7959E+05 2.3768E+05 2.9888E+05 3.6220E+05 4.2697E+05 4.9278E+05
Diff (%) 0.0257 0.1059 0.2085 0.3114 0.4036 0.4819 0.5471 0.6014 0.6471 0.6863
HSDT ρ ctn 1.7375E+04 4.1842E+04 7.9204E+04 1.2608E+05 1.7963E+05 2.3772E+05 2.9892E+05 3.6223E+05 4.2700E+05 4.9279E+05
Diff (%) 0.0621 0.1391 0.2372 0.3355 0.4231 0.4973 0.5588 0.6097 0.6523 0.6886
HSDT ρ var 1.7364E+04 4.1783E+04 7.9016E+04 1.2566E+05 1.7887E+05 2.3655E+05 2.9725E+05 3.6003E+05 4.2423E+05 4.8942E+05
Table 3-5
b/h=100 CPT, FSDT: VICONOPT
HSDT: MATLAB 1 2 3 4 5 6 7 8 9 10
CPT 1.7848E+02 4.4621E+02 8.9242E+02 1.5171E+03 2.3203E+03 3.3020E+03 4.4621E+03 5.8007E+03 7.3179E+03 9.0135E+03
Diff (%) -0.0098 0.0334 0.1058 0.2071 0.3369 0.4952 0.6817 0.8962 1.1382 1.4075
FSDT K=0,96 1.7844E+02 4.4591E+02 8.9123E+02 1.5137E+03 2.3123E+03 3.2858E+03 4.4327E+03 5.7513E+03 7.2395E+03 8.8951E+03
Diff (%) -0.0365 -0.0332 -0.0274 -0.0191 -0.0087 0.0041 0.0190 0.0360 0.0551 0.0761
FSDT K=0,88 1.7843E+02 4.4589E+02 8.9116E+02 1.5135E+03 2.3118E+03 3.2848E+03 4.4309E+03 5.7482E+03 7.2346E+03 8.8877E+03
Diff (%) -0.0382 -0.0374 -0.0359 -0.0336 -0.0307 -0.0272 -0.0231 -0.0184 -0.0132 -0.0074
HSDT 1.7843E+02 4.4590E+02 8.9116E+02 1.5135E+03 2.3118E+03 3.2848E+03 4.4309E+03 5.7482E+03 7.2347E+03 8.8879E+03
Diff (%) -0.0381 -0.0372 -0.0356 -0.0332 -0.0301 -0.0263 -0.0219 -0.0169 -0.0113 -0.0051
HSDT ρ ctn 1.7850E+02 4.4607E+02 8.9151E+02 1.5141E+03 2.3127E+03 3.2861E+03 4.4326E+03 5.7504E+03 7.2374E+03 8.8913E+03
Diff (%) 0.0011 0.0017 0.0033 0.0057 0.0087 0.0123 0.0165 0.0213 0.0267 0.0327
HSDT ρ var 1.7850E+02 4.4606E+02 8.9148E+02 1.5140E+03 2.3125E+03 3.2857E+03 4.4319E+03 5.7492E+03 7.2355E+03 8.8884E+03
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Em=70GPa, vm= 0.30 ; Er=350 Gpa, vr= 0.15 h (mm)= 4
Table 3-6 Rhom (kg/m3) 7000 Rhor (kg/m3) 4000
b/h=100
1 2 3 4 5 6 7 8 9 10
CPT (VICONOPT) 1.4680E+05 2.2937E+05 4.0777E+05 6.6287E+05 9.9234E+05 1.3956E+06 1.8724E+06 2.4227E+06 3.0465E+06 3.7437E+06
Diff (%) -0.0380 0.0224 0.1230 0.2638 0.4449 0.6662 0.9277 1.2294 1.5714 1.9535
FSDT K=0,96 (VICONOPT) 1.4674E+05 2.2916E+05 4.0701E+05 6.6080E+05 9.8760E+05 1.3861E+06 1.8553E+06 2.3940E+06 3.0011E+06 3.6752E+06
Diff (%) -0.0748 -0.0698 -0.0614 -0.0497 -0.0347 -0.0164 0.0051 0.0297 0.0575 0.0883
FSDT  K=0,96  (MATLAB) 1.8264E+05 2.3710E+05 3.8433E+05 6.5399E+05 9.8571E+05 1.3807E+06 1.8478E+06 2.3814E+06 2.9817E+06 3.6473E+06
Diff (%) 24.3701 3.3947 -5.6310 -1.0802 -0.2261 -0.4100 -0.3998 -0.4943 -0.5884 -0.6694
FSDT K=0,88 (VICONOPT) 1.4674E+05 2.2914E+05 4.0694E+05 6.6061E+05 9.8716E+05 1.3852E+06 1.8537E+06 2.3914E+06 2.9969E+06 3.6689E+06
Diff (%) -0.0783 -0.0783 -0.0785 -0.0787 -0.0789 -0.0793 -0.0797 -0.0802 -0.0807 -0.0814
FSDT  K=0,88  (MATLAB) 1.5479E+05 2.3237E+05 4.0945E+05 6.6080E+05 9.8592E+05 1.3792E+06 1.8449E+06 2.3789E+06 2.9762E+06 3.6392E+06
Diff (%) 5.4051 1.3294 0.5376 -0.0500 -0.2046 -0.5128 -0.5528 -0.6011 -0.7719 -0.8920
FSDT  K=0,83  (MATLAB) 1.0962E+05 2.3419E+05 3.9630E+05 6.5847E+05 9.7899E+05 1.3826E+06 1.8410E+06 2.3768E+06 2.9745E+06 3.6358E+06
Diff (%) -25.3548 2.1248 -2.6918 -0.4024 -0.9063 -0.2675 -0.7662 -0.6886 -0.8294 -0.9830
HSDT (MATLAB) 1.4674E+05 2.2914E+05 4.0695E+05 6.6061E+05 9.8718E+05 1.3853E+06 1.8537E+06 2.3914E+06 2.9970E+06 3.6691E+06
Diff (%) -0.0782 -0.0781 -0.0780 -0.0779 -0.0777 -0.0775 -0.0772 -0.0769 -0.0766 -0.0762
HSDT ρ ctn (MATLAB) 1.4685E+05 2.2932E+05 4.0726E+05 6.6113E+05 9.8794E+05 1.3863E+06 1.8552E+06 2.3933E+06 2.9993E+06 3.6719E+06
Diff (%) 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
HSDT ρ var (MATLAB) 1.4685E+05 2.2932E+05 4.0726E+05 6.6113E+05 9.8794E+05 1.3863E+06 1.8552E+06 2.3933E+06 2.9993E+06 3.6719E+06
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Em=70GPa, vm= 0.30 ; Er=350 Gpa, vr= 0.15 h (mm)= 4
Table 3-6 Rhom (kg/m3) 7000 Rhor (kg/m3) 4000
b/h=100
1 2 3 4 5 6 7 8 9 10
CPT (VICONOPT) 1.7848E+02 4.4621E+02 8.9242E+02 1.5171E+03 2.3203E+03 3.3020E+03 4.4621E+03 5.8007E+03 7.3179E+03 9.0135E+03
Diff (%) -0.0098 0.0334 0.1058 0.2071 0.3369 0.4952 0.6817 0.8962 1.1382 1.4075
FSDT K=0,96 (VICONOPT) 1.7844E+02 4.4591E+02 8.9123E+02 1.5137E+03 2.3123E+03 3.2858E+03 4.4327E+03 5.7513E+03 7.2395E+03 8.8951E+03
Diff (%) -0.0365 -0.0332 -0.0274 -0.0191 -0.0087 0.0041 0.0190 0.0360 0.0551 0.0761
FSDT  K=0,96 (MATLAB) 1.9909E+02 4.5367E+02 8.6640E+02 1.5069E+03 2.3125E+03 3.2843E+03 4.4327E+03 5.7511E+03 7.2396E+03 8.8968E+03
Diff (%) 11.5316 1.7058 -2.8133 -0.4668 0.0012 -0.0434 0.0174 0.0335 0.0571 0.0945
FSDT K=0,88 (VICONOPT) 1.7843E+02 4.4589E+02 8.9116E+02 1.5135E+03 2.3118E+03 3.2848E+03 4.4309E+03 5.7482E+03 7.2346E+03 8.8877E+03
Diff (%) -0.0382 -0.0374 -0.0359 -0.0336 -0.0307 -0.0272 -0.0231 -0.0184 -0.0132 -0.0074
FSDT  K=0,88 (MATLAB) 1.8328E+02 4.4912E+02 8.9427E+02 1.5147E+03 2.3128E+03 3.2826E+03 4.4293E+03 5.7481E+03 7.2330E+03 8.8868E+03
Diff (%) 2.6764 0.6849 0.3128 0.0501 0.0120 -0.0950 -0.0594 -0.0203 -0.0352 -0.0177
FSDT K=0,83 (MATLAB) 1.5424E+02 4.5088E+02 8.7979E+02 1.5121E+03 2.3046E+03 3.2866E+03 4.4245E+03 5.7455E+03 7.2309E+03 8.8827E+03
Diff (%) -13.5946 1.0793 -1.3114 -0.1264 -0.3403 0.0281 -0.1667 -0.0642 -0.0642 -0.0636
HSDT (MATLAB) 1.7843E+02 4.4590E+02 8.9116E+02 1.5135E+03 2.3118E+03 3.2848E+03 4.4309E+03 5.7482E+03 7.2347E+03 8.8879E+03
Diff (%) -0.0381 -0.0372 -0.0356 -0.0332 -0.0301 -0.0263 -0.0219 -0.0169 -0.0113 -0.0051
HSDT ρ ctn (MATLAB) 1.7850E+02 4.4607E+02 8.9151E+02 1.5141E+03 2.3127E+03 3.2861E+03 4.4326E+03 5.7504E+03 7.2374E+03 8.8913E+03
Diff (%) 0.0011 0.0017 0.0033 0.0057 0.0087 0.0123 0.0165 0.0213 0.0267 0.0327
HSDT ρ var (MATLAB) 1.7850E+02 4.4606E+02 8.9148E+02 1.5140E+03 2.3125E+03 3.2857E+03 4.4319E+03 5.7492E+03 7.2355E+03 8.8884E+03
8
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Em=70GPa, vm= 0.30 ; Er=350 Gpa, vr= 0.15 h (mm)= 4
Rhom (kg/m3) 7000 Rhor (kg/m3) 4000
Table 3-8
b/h=10 MATLAB (HSDT out)
1 2 3 4 5 6 7 8 9 10
HSDT 1.4112E+06 2.0843E+06 3.3961E+06 4.9445E+06 6.5291E+06 8.0300E+06 9.3889E+06 1.0588E+07 1.1634E+07 1.2541E+07
Diff (%) -7.43E-02 -6.90E-02 -6.13E-02 -5.24E-02 -4.32E-02 -3.44E-02 -2.63E-02 -1.89E-02 -1.23E-02 -6.37E-03
HSDT ρ ctn 1.4123E+06 2.0857E+06 3.3982E+06 4.9471E+06 6.5319E+06 8.0328E+06 9.3914E+06 1.0590E+07 1.1635E+07 1.2542E+07
Diff (%) 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00
HSDT ρ var 1.4123E+06 2.0857E+06 3.3982E+06 4.9471E+06 6.5319E+06 8.0328E+06 9.3914E+06 1.0590E+07 1.1635E+07 1.2542E+07
HSDT 1.0497E+06 1.5636E+06 2.5793E+06 3.8094E+06 5.1043E+06 6.3652E+06 7.5356E+06 8.5908E+06 9.5265E+06 1.0350E+07
Diff (%) -1.11E+00 -1.04E+00 -9.43E-01 -8.27E-01 -7.06E-01 -5.88E-01 -4.80E-01 -3.82E-01 -2.96E-01 -2.22E-01
HSDT ρ ctn 1.0615E+06 1.5800E+06 2.6039E+06 3.8412E+06 5.1406E+06 6.4029E+06 7.5719E+06 8.6238E+06 9.5548E+06 1.0372E+07
Diff (%) 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00
HSDT ρ var 1.0615E+06 1.5800E+06 2.6039E+06 3.8412E+06 5.1406E+06 6.4029E+06 7.5719E+06 8.6238E+06 9.5548E+06 1.0372E+07
HSDT 1.0549E+06 1.5708E+06 2.5902E+06 3.8235E+06 5.1205E+06 6.3821E+06 7.5521E+06 8.6061E+06 9.5400E+06 1.0361E+07
Diff (%) -6.18E-01 -5.81E-01 -5.26E-01 -4.60E-01 -3.91E-01 -3.24E-01 -2.62E-01 -2.05E-01 -1.55E-01 -1.10E-01
HSDT ρ ctn 1.0615E+06 1.5800E+06 2.6039E+06 3.8412E+06 5.1406E+06 6.4029E+06 7.5719E+06 8.6238E+06 9.5548E+06 1.0372E+07
Diff (%) 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00
HSDT ρ var 1.0615E+06 1.5800E+06 2.6039E+06 3.8412E+06 5.1406E+06 6.4029E+06 7.5719E+06 8.6238E+06 9.5548E+06 1.0372E+07
HSDT 7.5632E+05 1.1347E+06 1.8918E+06 2.8296E+06 3.8422E+06 4.8539E+06 5.8160E+06 6.7022E+06 7.5027E+06 8.2175E+06
Diff (%) -1.20E+00 -1.14E+00 -1.04E+00 -9.33E-01 -8.14E-01 -6.95E-01 -5.82E-01 -4.79E-01 -3.86E-01 -3.04E-01
HSDT ρ ctn 7.6550E+05 1.1477E+06 1.9118E+06 2.8563E+06 3.8738E+06 4.8879E+06 5.8500E+06 6.7345E+06 7.5318E+06 8.2426E+06
Diff (%) 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00
HSDT ρ var 7.6550E+05 1.1477E+06 1.9118E+06 2.8563E+06 3.8738E+06 4.8879E+06 5.8500E+06 6.7345E+06 7.5318E+06 8.2426E+06
HSDT 5.4266E+05 8.1792E+05 1.3732E+06 2.0715E+06 2.8387E+06 3.6191E+06 4.3744E+06 5.0816E+06 5.7297E+06 6.3158E+06
Diff (%) -5.21E-01 -4.97E-01 -4.60E-01 -4.15E-01 -3.65E-01 -3.15E-01 -2.67E-01 -2.22E-01 -1.81E-01 -1.45E-01
HSDT ρ ctn 5.4550E+05 8.2200E+05 1.3796E+06 2.0801E+06 2.8491E+06 3.6306E+06 4.3861E+06 5.0929E+06 5.7401E+06 6.3249E+06
Diff (%) 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00
HSDT ρ var 5.4550E+05 8.2200E+05 1.3796E+06 2.0801E+06 2.8491E+06 3.6306E+06 4.3861E+06 5.0929E+06 5.7401E+06 6.3249E+06
HSDT 4.2174E+05 6.3395E+05 1.0600E+06 1.5911E+06 2.1687E+06 2.7502E+06 3.3073E+06 3.8241E+06 4.2939E+06 4.7160E+06
Diff (%) 1.09E-01 1.04E-01 9.51E-02 8.49E-02 7.38E-02 6.28E-02 5.25E-02 4.30E-02 3.46E-02 2.72E-02
HSDT ρ ctn 4.2128E+05 6.3330E+05 1.0590E+06 1.5897E+06 2.1671E+06 2.7485E+06 3.3055E+06 3.8225E+06 4.2924E+06 4.7147E+06
Diff (%) 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00
HSDT ρ var 4.2128E+05 6.3330E+05 1.0590E+06 1.5897E+06 2.1671E+06 2.7485E+06 3.3055E+06 3.8225E+06 4.2924E+06 4.7147E+06
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Em=70GPa, vm= 0.30 ; Er=350 Gpa, vr= 0.15 h (mm)= 4
Rhom (kg/m3) 7000 Rhor (kg/m3) 4000
Table 3-8
b/h=10 MATLAB (HSDT out)
1 2 3 4 5 6 7 8 9 10
HSDT 1.7368E+04 4.1828E+04 7.9181E+04 1.2605E+05 1.7959E+05 2.3768E+05 2.9888E+05 3.6220E+05 4.2697E+05 4.9278E+05
Diff (%) 2.57E-02 1.06E-01 2.08E-01 3.11E-01 4.04E-01 4.82E-01 5.47E-01 6.01E-01 6.47E-01 6.86E-01
HSDT ρ ctn 1.7375E+04 4.1842E+04 7.9204E+04 1.2608E+05 1.7963E+05 2.3772E+05 2.9892E+05 3.6223E+05 4.2700E+05 4.9279E+05
Diff (%) 6.21E-02 1.39E-01 2.37E-01 3.35E-01 4.23E-01 4.97E-01 5.59E-01 6.10E-01 6.52E-01 6.89E-01
HSDT ρ var 1.7364E+04 4.1783E+04 7.9016E+04 1.2566E+05 1.7887E+05 2.3655E+05 2.9725E+05 3.6003E+05 4.2423E+05 4.8942E+05
HSDT 1.4211E+04 3.4359E+04 6.5386E+04 1.0468E+05 1.4992E+05 1.9937E+05 2.5175E+05 3.0618E+05 3.6207E+05 4.1899E+05
Diff (%) -4.50E-01 -2.85E-01 -6.75E-02 1.60E-01 3.73E-01 5.62E-01 7.25E-01 8.67E-01 9.90E-01 1.10E+00
HSDT ρ ctn 1.4289E+04 3.4532E+04 6.5677E+04 1.0507E+05 1.5040E+05 1.9989E+05 2.5228E+05 3.0669E+05 3.6253E+05 4.1937E+05
Diff (%) 9.61E-02 2.17E-01 3.77E-01 5.41E-01 6.93E-01 8.25E-01 9.38E-01 1.03E+00 1.12E+00 1.19E+00
HSDT ρ var 1.4275E+04 3.4457E+04 6.5430E+04 1.0451E+05 1.4937E+05 1.9825E+05 2.4993E+05 3.0355E+05 3.5852E+05 4.1444E+05
HSDT 1.1500E+04 2.7896E+04 5.3321E+04 8.5768E+04 1.2341E+05 1.6480E+05 2.0888E+05 2.5489E+05 3.0228E+05 3.5069E+05
Diff (%) -4.86E-01 -3.10E-01 -7.10E-02 1.84E-01 4.28E-01 6.49E-01 8.44E-01 1.01E+00 1.16E+00 1.30E+00
HSDT ρ ctn 1.1569E+04 2.8050E+04 5.3584E+04 8.6136E+04 1.2386E+05 1.6531E+05 2.0942E+05 2.5542E+05 3.0279E+05 3.5114E+05
Diff (%) 1.05E-01 2.40E-01 4.22E-01 6.14E-01 7.96E-01 9.60E-01 1.10E+00 1.23E+00 1.33E+00 1.43E+00
HSDT ρ var 1.1557E+04 2.7983E+04 5.3359E+04 8.5610E+04 1.2288E+05 1.6374E+05 2.0713E+05 2.5233E+05 2.9881E+05 3.4620E+05
HSDT 9.3256E+03 2.2667E+04 4.3448E+04 7.0106E+04 1.0119E+05 1.3553E+05 1.7224E+05 2.1070E+05 2.5044E+05 2.9113E+05
Diff (%) -1.66E-01 -3.20E-02 1.51E-01 3.49E-01 5.40E-01 7.13E-01 8.66E-01 1.00E+00 1.12E+00 1.22E+00
HSDT ρ ctn 9.3496E+03 2.2721E+04 4.3542E+04 7.0239E+04 1.0135E+05 1.3571E+05 1.7244E+05 2.1090E+05 2.5063E+05 2.9131E+05
Diff (%) 9.03E-02 2.08E-01 3.67E-01 5.39E-01 7.04E-01 8.53E-01 9.84E-01 1.10E+00 1.20E+00 1.28E+00
HSDT ρ var 9.3412E+03 2.2674E+04 4.3383E+04 6.9862E+04 1.0065E+05 1.3457E+05 1.7076E+05 2.0861E+05 2.4767E+05 2.8762E+05
HSDT 7.8986E+03 1.9174E+04 3.6692E+04 5.9100E+04 8.5167E+04 1.1391E+05 1.4462E+05 1.7676E+05 2.0996E+05 2.4397E+05
Diff (%) 1.07E-01 1.70E-01 2.55E-01 3.44E-01 4.26E-01 4.97E-01 5.56E-01 6.04E-01 6.43E-01 6.75E-01
HSDT ρ ctn 7.8944E+03 1.9165E+04 3.6675E+04 5.9078E+04 8.5139E+04 1.1388E+05 1.4458E+05 1.7672E+05 2.0993E+05 2.4394E+05
Diff (%) 5.29E-02 1.21E-01 2.11E-01 3.06E-01 3.93E-01 4.70E-01 5.33E-01 5.86E-01 6.29E-01 6.64E-01
HSDT ρ var 7.8902E+03 1.9141E+04 3.6598E+04 5.8898E+04 8.4806E+04 1.1335E+05 1.4382E+05 1.7569E+05 2.0862E+05 2.4234E+05
65536
n = 0.2
n = 0.5
n = 1
n = 2
n = 5
8
65536
8
65536
Vibration analysis
8
65536
8
8
65536
B
u
ckling
 a
nd
 vib
ratio
n
 of
 eq
uivale
nt
 laye
red
 m
od
els
 fo
r
 fu
n
ctio
n
ally
 g
rad
ed
 plate
s
 in
cluding
 third
-o
rd
e
r
 
sh
e
a
r
 d
efo
rm
atio
n
 th
e
o
ry
 
T
o
rro
 T
o
rro
,
 M
oise
s
 
 
 59
 
 
 
Em=70GPa, vm= 0.30 ; Er=350 Gpa, vr= 0.30 h (mm)= 4
Rhom (kg/m3) 7000 Rhor (kg/m3) 4000
Table 3-7
b/h=10 MATLAB (HSDT out)
1 2 3 4 5 6 7 8 9 10
HSDT 1.5002E+06 2.1922E+06 3.5184E+06 5.0363E+06 6.5393E+06 7.9195E+06 9.1357E+06 1.0185E+07 1.1084E+07 1.1855E+07
Diff (%) 1.07E+00 9.79E-01 8.53E-01 7.13E-01 5.76E-01 4.50E-01 3.39E-01 2.45E-01 1.64E-01 9.52E-02
HSDT ρ ctn 1.4843E+06 2.1710E+06 3.4886E+06 5.0006E+06 6.5019E+06 7.8840E+06 9.1047E+06 1.0160E+07 1.1066E+07 1.1844E+07
Diff (%) 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00
HSDT ρ var 1.4843E+06 2.1710E+06 3.4886E+06 5.0006E+06 6.5019E+06 7.8840E+06 9.1047E+06 1.0160E+07 1.1066E+07 1.1844E+07
HSDT 1.0922E+06 1.6152E+06 2.6365E+06 3.8464E+06 5.0896E+06 6.2717E+06 7.3456E+06 8.2961E+06 9.1263E+06 9.8481E+06
Diff (%) -8.46E-01 -7.88E-01 -7.03E-01 -6.05E-01 -5.05E-01 -4.10E-01 -3.22E-01 -2.45E-01 -1.76E-01 -1.16E-01
HSDT ρ ctn 1.1016E+06 1.6280E+06 2.6552E+06 3.8699E+06 5.1155E+06 6.2975E+06 7.3694E+06 8.3164E+06 9.1424E+06 9.8596E+06
Diff (%) 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00
HSDT ρ var 1.1016E+06 1.6280E+06 2.6552E+06 3.8699E+06 5.1155E+06 6.2975E+06 7.3694E+06 8.3164E+06 9.1424E+06 9.8596E+06
HSDT 7.8423E+05 1.1700E+06 1.9344E+06 2.8647E+06 3.8492E+06 4.8131E+06 5.7123E+06 6.5267E+06 7.2516E+06 7.8912E+06
Diff (%) 2.23E-05 1.40E-04 5.21E-04 1.37E-03 2.86E-03 5.14E-03 8.26E-03 1.23E-02 1.71E-02 2.28E-02
HSDT ρ ctn 7.8423E+05 1.1700E+06 1.9344E+06 2.8646E+06 3.8491E+06 4.8128E+06 5.7118E+06 6.5259E+06 7.2503E+06 7.8894E+06
Diff (%) 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00
HSDT ρ var 7.8423E+05 1.1700E+06 1.9344E+06 2.8646E+06 3.8491E+06 4.8128E+06 5.7118E+06 6.5259E+06 7.2503E+06 7.8894E+06
HSDT 5.5955E+05 8.3978E+05 1.4009E+06 2.0968E+06 2.8494E+06 3.6025E+06 4.3198E+06 4.9818E+06 5.5808E+06 6.1167E+06
Diff (%) 1.44E+00 1.36E+00 1.25E+00 1.12E+00 9.77E-01 8.36E-01 7.03E-01 5.82E-01 4.75E-01 3.81E-01
HSDT ρ ctn 5.5161E+05 8.2848E+05 1.3836E+06 2.0736E+06 2.8218E+06 3.5726E+06 4.2897E+06 4.9530E+06 5.5544E+06 6.0935E+06
Diff (%) 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00
HSDT ρ var 5.5161E+05 8.2848E+05 1.3836E+06 2.0736E+06 2.8218E+06 3.5726E+06 4.2897E+06 4.9530E+06 5.5544E+06 6.0935E+06
HSDT 4.1783E+05 6.2706E+05 1.0460E+06 1.5654E+06 2.1271E+06 2.6891E+06 3.2244E+06 3.7185E+06 4.1657E+06 4.5659E+06
Diff (%) -9.32E-01 -8.82E-01 -8.07E-01 -7.16E-01 -6.19E-01 -5.23E-01 -4.33E-01 -3.50E-01 -2.77E-01 -2.13E-01
HSDT ρ ctn 4.2176E+05 6.3264E+05 1.0545E+06 1.5767E+06 2.1403E+06 2.7032E+06 3.2385E+06 3.7316E+06 4.1773E+06 4.5756E+06
Diff (%) 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00
HSDT ρ var 4.2176E+05 6.3264E+05 1.0545E+06 1.5767E+06 2.1403E+06 2.7032E+06 3.2385E+06 3.7316E+06 4.1773E+06 4.5756E+06
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Em=70GPa, vm= 0.30 ; Er=350 Gpa, vr= 0.30 h (mm)= 4
Rhom (kg/m3) 7000 Rhor (kg/m3) 4000
Table 3-7
b/h=10 MATLAB (HSDT out)
1 2 3 4 5 6 7 8 9 10
HSDT 1.7907E+04 4.2911E+04 8.0697E+04 1.2758E+05 1.8057E+05 2.3756E+05 2.9714E+05 3.5843E+05 4.2084E+05 4.8400E+05
Diff (%) 5.85E-01 6.05E-01 6.27E-01 6.44E-01 6.52E-01 6.53E-01 6.50E-01 6.43E-01 6.34E-01 6.26E-01
HSDT ρ ctn 1.7814E+04 4.2711E+04 8.0376E+04 1.2716E+05 1.8010E+05 2.3707E+05 2.9670E+05 3.5805E+05 4.2056E+05 4.8384E+05
Diff (%) 6.14E-02 1.35E-01 2.27E-01 3.14E-01 3.89E-01 4.49E-01 4.98E-01 5.36E-01 5.68E-01 5.94E-01
HSDT ρ var 1.7803E+04 4.2653E+04 8.0194E+04 1.2676E+05 1.7940E+05 2.3601E+05 2.9523E+05 3.5614E+05 4.1818E+05 4.8099E+05
HSDT 1.4497E+04 3.4933E+04 6.6180E+04 1.0543E+05 1.5030E+05 1.9901E+05 2.5032E+05 3.0340E+05 3.5769E+05 4.1282E+05
Diff (%) -3.22E-01 -1.67E-01 3.18E-02 2.34E-01 4.18E-01 5.77E-01 7.13E-01 8.27E-01 9.26E-01 1.01E+00
HSDT ρ ctn 1.4557E+04 3.5067E+04 6.6400E+04 1.0573E+05 1.5065E+05 1.9938E+05 2.5068E+05 3.0373E+05 3.5797E+05 4.1302E+05
Diff (%) 9.53E-02 2.13E-01 3.64E-01 5.15E-01 6.50E-01 7.64E-01 8.59E-01 9.37E-01 1.00E+00 1.06E+00
HSDT ρ var 1.4543E+04 3.4992E+04 6.6159E+04 1.0519E+05 1.4967E+05 1.9787E+05 2.4855E+05 3.0091E+05 3.5441E+05 4.0868E+05
HSDT 1.1710E+04 2.8328E+04 5.3947E+04 8.6425E+04 1.2386E+05 1.6480E+05 2.0819E+05 2.5329E+05 2.9959E+05 3.4674E+05
Diff (%) 1.04E-01 2.37E-01 4.12E-01 5.93E-01 7.62E-01 9.09E-01 1.04E+00 1.14E+00 1.24E+00 1.32E+00
HSDT ρ ctn 1.1710E+04 2.8328E+04 5.3947E+04 8.6424E+04 1.2386E+05 1.6480E+05 2.0818E+05 2.5327E+05 2.9957E+05 3.4671E+05
Diff (%) 1.04E-01 2.37E-01 4.12E-01 5.93E-01 7.60E-01 9.07E-01 1.03E+00 1.14E+00 1.23E+00 1.31E+00
HSDT ρ var 1.1698E+04 2.8261E+04 5.3726E+04 8.5915E+04 1.2293E+05 1.6332E+05 2.0605E+05 2.5042E+05 2.9593E+05 3.4223E+05
HSDT 9.4684E+03 2.2964E+04 4.3887E+04 7.0580E+04 1.0154E+05 1.3559E+05 1.7185E+05 2.0970E+05 2.4870E+05 2.8854E+05
Diff (%) 7.95E-01 8.61E-01 9.49E-01 1.04E+00 1.12E+00 1.19E+00 1.25E+00 1.30E+00 1.34E+00 1.37E+00
HSDT ρ ctn 9.4022E+03 2.2815E+04 4.3631E+04 7.0222E+04 1.0110E+05 1.3509E+05 1.7132E+05 2.0917E+05 2.4819E+05 2.8807E+05
Diff (%) 8.99E-02 2.06E-01 3.61E-01 5.26E-01 6.82E-01 8.20E-01 9.40E-01 1.04E+00 1.13E+00 1.20E+00
HSDT ρ var 9.3937E+03 2.2768E+04 4.3474E+04 6.9854E+04 1.0042E+05 1.3399E+05 1.6973E+05 2.0701E+05 2.4541E+05 2.8464E+05
HSDT 7.8628E+03 1.9076E+04 3.6473E+04 5.8695E+04 8.4507E+04 1.1294E+05 1.4327E+05 1.7498E+05 2.0773E+05 2.4125E+05
Diff (%) -4.06E-01 -3.05E-01 -1.70E-01 -2.66E-02 1.07E-01 2.26E-01 3.27E-01 4.13E-01 4.85E-01 5.46E-01
HSDT ρ ctn 7.8990E+03 1.9157E+04 3.6611E+04 5.8887E+04 8.4741E+04 1.1320E+05 1.4353E+05 1.7525E+05 2.0797E+05 2.4146E+05
Diff (%) 5.27E-02 1.20E-01 2.09E-01 3.00E-01 3.84E-01 4.56E-01 5.16E-01 5.64E-01 6.02E-01 6.33E-01
HSDT ρ var 7.8949E+03 1.9134E+04 3.6535E+04 5.8711E+04 8.4416E+04 1.1268E+05 1.4280E+05 1.7426E+05 2.0673E+05 2.3994E+05
n = 2
6
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B.3. Critical buckling loads and natural frequencies obtained following the 
equivalent Directly symmetrical methodology explained in Chapter 4.2. 
The following tables have been obtained using the equivalent Directly symmetrical 
isotropic sandwich plates. The cases studied are: 
1) ER (GPa)=  70  ES (GPa)=  350   νR= 0.3  νS= 0.15  (6 layers) 
2) ER (GPa)=  70  ES (GPa)=  350  νR  νS= 0.30  (6 layers) 
3) ER (GPa)=  70  ES (GPa)=  210   νR= 0.3  νS= 0.15  (6 layers) 
4) ER (GPa)=  70  ES (GPa)=  210  νR  νS= 0.30  (6 layers) 
5) ER (GPa)=  70  ES (GPa)=  140   νR= 0.3  νS= 0.15  (6 layers) 
6) ER (GPa)=  70  ES (GPa)=  140  νR  νS= 0.30  (6 layers) 
7) ER (GPa)=  70  ES (GPa)=  380  νR  νS= 0.30  (6 layers) (Comparison of the 
results with other papers) 
In all the cases, there is a table with the parameters of the Directly symmetrical 
isotropic sandwich plate before the tables with the eigenvalues. 
All the errors are expressed in “%relative error” against the well-converged 
approximate multilayer solution calculated with the variable density and NP 65,536 
isotropic layers (green row), following the equation 3.5. 
Note that the second column in all the tables specifies the number of isotropic layers 
of the equivalent model (6 DSYM) or the number of layers in the well-converged 
approximate multilayer solution (65,536). 
Units:  
Buckling loads: Ncr (N)     
Natural frequencies: w (Hz) 
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1) ER (GPa)=  70  ES (GPa)=  350   νR= 0.3  νS= 0.15   
Equivalent directly symmetrical FG sandwich plate parameters: 
 
 
  
Em=0.7*10^11; Er=3.5*10^11; AE=Er-Em; vm=0.30; vr=0.15; Av=vr-vm; h_tot=4*10^-3; %E in Pa ; h_tot in m
Equivalent isotropic layers plate:
h1 h2 h3 h3 h2 h1
0.2 2.18E-04 8.06E-04 9.77E-04 9.77E-04 8.06E-04 2.18E-04
0.5 3.01E-04 8.25E-04 8.74E-04 8.74E-04 8.25E-04 3.01E-04
1 4.27E-04 8.30E-04 7.42E-04 7.42E-04 8.30E-04 4.27E-04
2 6.35E-04 7.97E-04 5.68E-04 5.68E-04 7.97E-04 6.35E-04
5 1.03E-03 6.44E-04 3.30E-04 3.30E-04 6.44E-04 1.03E-03
E1 E2 E3 E3 E2 E1
0.2 2.04E+11 2.87E+11 3.39E+11 3.39E+11 2.87E+11 2.04E+11
0.5 1.25E+11 2.31E+11 3.26E+11 3.26E+11 2.31E+11 1.25E+11
1 8.72E+10 1.82E+11 3.12E+11 3.12E+11 1.82E+11 8.72E+10
2 7.31E+10 1.40E+11 2.97E+11 2.97E+11 1.40E+11 7.31E+10
5 7.01E+10 1.05E+11 2.83E+11 2.83E+11 1.05E+11 7.01E+10
v1 v2 v3 v3 v2 v1
0.2 0.22924856 0.184413303 0.156065922 0.156065922 0.184413303 0.22924856
0.5 0.272337802 0.216245715 0.163089976 0.163089976 0.216245715 0.272337802
1 0.292035591 0.244035445 0.1713303 0.1713303 0.244035445 0.292035591
2 0.298642535 0.266510286 0.18115314 0.18115314 0.266510286 0.298642535
5 0.299944252 0.283148937 0.192950095 0.192950095 0.283148937 0.299944252
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Em=70GPa, vm= 0.30 ; Er=350 Gpa, vr= 0.15 h (mm)= 4
Rhom (kg/m3) 7000 Rhor (kg/m3) 4000
Table 6-2
b/h=10 MATLAB (HSDT out)
1 2 3 4 5 6 7 8 9 10
HSDT 1.4123E+06 2.0857E+06 3.3982E+06 4.9471E+06 6.5319E+06 8.0328E+06 9.3914E+06 1.0590E+07 1.1635E+07 1.2542E+07
Diff (%) -5.37E-05 -5.20E-05 -4.97E-05 -4.71E-05 -4.45E-05 -4.21E-05 -4.01E-05 -3.85E-05 -3.72E-05 -3.63E-05
HSDT ρ ctn 1.4123E+06 2.0857E+06 3.3982E+06 4.9471E+06 6.5319E+06 8.0328E+06 9.3914E+06 1.0590E+07 1.1635E+07 1.2542E+07
Diff (%) 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00
HSDT ρ var 1.4123E+06 2.0857E+06 3.3982E+06 4.9471E+06 6.5319E+06 8.0328E+06 9.3914E+06 1.0590E+07 1.1635E+07 1.2542E+07
HSDT 1.0615E+06 1.5800E+06 2.6039E+06 3.8412E+06 5.1406E+06 6.4029E+06 7.5719E+06 8.6238E+06 9.5548E+06 1.0372E+07
Diff (%) -3.61E-06 -3.75E-06 -3.72E-06 -3.55E-06 -3.31E-06 -3.08E-06 -2.87E-06 -2.68E-06 -2.53E-06 -2.41E-06
HSDT ρ ctn 1.0615E+06 1.5800E+06 2.6039E+06 3.8412E+06 5.1406E+06 6.4029E+06 7.5719E+06 8.6238E+06 9.5548E+06 1.0372E+07
Diff (%) 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00
HSDT ρ var 1.0615E+06 1.5800E+06 2.6039E+06 3.8412E+06 5.1406E+06 6.4029E+06 7.5719E+06 8.6238E+06 9.5548E+06 1.0372E+07
HSDT 7.6550E+05 1.1477E+06 1.9118E+06 2.8563E+06 3.8738E+06 4.8879E+06 5.8500E+06 6.7345E+06 7.5318E+06 8.2426E+06
Diff (%) -3.19E-08 -8.51E-08 -1.53E-07 -2.22E-07 -2.96E-07 -3.75E-07 -4.38E-07 -5.00E-07 -5.54E-07 -6.01E-07
HSDT ρ ctn 7.6550E+05 1.1477E+06 1.9118E+06 2.8563E+06 3.8738E+06 4.8879E+06 5.8500E+06 6.7345E+06 7.5318E+06 8.2426E+06
Diff (%) 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00
HSDT ρ var 7.6550E+05 1.1477E+06 1.9118E+06 2.8563E+06 3.8738E+06 4.8879E+06 5.8500E+06 6.7345E+06 7.5318E+06 8.2426E+06
HSDT 5.4550E+05 8.2200E+05 1.3796E+06 2.0801E+06 2.8491E+06 3.6306E+06 4.3861E+06 5.0929E+06 5.7401E+06 6.3249E+06
Diff (%) 1.79E-07 1.78E-07 2.83E-07 4.23E-07 5.83E-07 7.40E-07 9.02E-07 1.05E-06 1.18E-06 1.30E-06
HSDT ρ ctn 5.4550E+05 8.2200E+05 1.3796E+06 2.0801E+06 2.8491E+06 3.6306E+06 4.3861E+06 5.0929E+06 5.7401E+06 6.3249E+06
Diff (%) 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00
HSDT ρ var 5.4550E+05 8.2200E+05 1.3796E+06 2.0801E+06 2.8491E+06 3.6306E+06 4.3861E+06 5.0929E+06 5.7401E+06 6.3249E+06
HSDT 4.2128E+05 6.3330E+05 1.0590E+06 1.5897E+06 2.1671E+06 2.7485E+06 3.3055E+06 3.8225E+06 4.2924E+06 4.7147E+06
Diff (%) 0.00E+00 1.16E-07 2.07E-07 3.38E-07 4.73E-07 6.04E-07 7.39E-07 8.56E-07 9.67E-07 1.05E-06
HSDT ρ ctn 4.2128E+05 6.3330E+05 1.0590E+06 1.5897E+06 2.1671E+06 2.7485E+06 3.3055E+06 3.8225E+06 4.2924E+06 4.7147E+06
Diff (%) 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00
HSDT ρ var 4.2128E+05 6.3330E+05 1.0590E+06 1.5897E+06 2.1671E+06 2.7485E+06 3.3055E+06 3.8225E+06 4.2924E+06 4.7147E+06
n = 5
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Em=70GPa, vm= 0.30 ; Er=350 Gpa, vr= 0.15 h (mm)= 4
Rhom (kg/m3) 7000 Rhor (kg/m3) 4000
Table 6-2 Table 6-3
b/h=10 MATLAB (HSDT out)
1 2 3 4 5 6 7 8 9 10
HSDT 1.7375E+04 4.1842E+04 7.9204E+04 1.2608E+05 1.7963E+05 2.3772E+05 2.9892E+05 3.6222E+05 4.2700E+05 4.9279E+05
Diff (%) 6.21E-02 1.39E-01 2.37E-01 3.35E-01 4.23E-01 4.97E-01 5.59E-01 6.10E-01 6.52E-01 6.89E-01
HSDT ρ ctn 1.7375E+04 4.1842E+04 7.9204E+04 1.2608E+05 1.7963E+05 2.3772E+05 2.9892E+05 3.6223E+05 4.2700E+05 4.9279E+05
Diff (%) 6.21E-02 1.39E-01 2.37E-01 3.35E-01 4.23E-01 4.97E-01 5.59E-01 6.10E-01 6.52E-01 6.89E-01
HSDT ρ var 1.7364E+04 4.1783E+04 7.9016E+04 1.2566E+05 1.7887E+05 2.3655E+05 2.9725E+05 3.6003E+05 4.2423E+05 4.8942E+05
HSDT 1.4289E+04 3.4532E+04 6.5677E+04 1.0507E+05 1.5040E+05 1.9989E+05 2.5228E+05 3.0669E+05 3.6253E+05 4.1937E+05
Diff (%) 9.61E-02 2.17E-01 3.77E-01 5.41E-01 6.93E-01 8.25E-01 9.38E-01 1.03E+00 1.12E+00 1.19E+00
HSDT ρ ctn 1.4289E+04 3.4532E+04 6.5677E+04 1.0507E+05 1.5040E+05 1.9989E+05 2.5228E+05 3.0669E+05 3.6253E+05 4.1937E+05
Diff (%) 9.61E-02 2.17E-01 3.77E-01 5.41E-01 6.93E-01 8.25E-01 9.38E-01 1.03E+00 1.12E+00 1.19E+00
HSDT ρ var 1.4275E+04 3.4457E+04 6.5430E+04 1.0451E+05 1.4937E+05 1.9825E+05 2.4993E+05 3.0355E+05 3.5852E+05 4.1444E+05
HSDT 1.1569E+04 2.8050E+04 5.3584E+04 8.6136E+04 1.2386E+05 1.6531E+05 2.0942E+05 2.5542E+05 3.0279E+05 3.5114E+05
Diff (%) 1.05E-01 2.40E-01 4.22E-01 6.14E-01 7.96E-01 9.60E-01 1.10E+00 1.23E+00 1.33E+00 1.43E+00
HSDT ρ ctn 1.1569E+04 2.8050E+04 5.3584E+04 8.6136E+04 1.2386E+05 1.6531E+05 2.0942E+05 2.5542E+05 3.0279E+05 3.5114E+05
Diff (%) 1.05E-01 2.40E-01 4.22E-01 6.14E-01 7.96E-01 9.60E-01 1.10E+00 1.23E+00 1.33E+00 1.43E+00
HSDT ρ var 1.1557E+04 2.7983E+04 5.3359E+04 8.5610E+04 1.2288E+05 1.6374E+05 2.0713E+05 2.5233E+05 2.9881E+05 3.4620E+05
HSDT 9.3496E+03 2.2721E+04 4.3542E+04 7.0239E+04 1.0135E+05 1.3571E+05 1.7244E+05 2.1090E+05 2.5063E+05 2.9131E+05
Diff (%) 9.03E-02 2.08E-01 3.67E-01 5.39E-01 7.04E-01 8.53E-01 9.84E-01 1.10E+00 1.20E+00 1.28E+00
HSDT ρ ctn 9.3496E+03 2.2721E+04 4.3542E+04 7.0239E+04 1.0135E+05 1.3571E+05 1.7244E+05 2.1090E+05 2.5063E+05 2.9131E+05
Diff (%) 9.03E-02 2.08E-01 3.67E-01 5.39E-01 7.04E-01 8.53E-01 9.84E-01 1.10E+00 1.20E+00 1.28E+00
HSDT ρ var 9.3412E+03 2.2674E+04 4.3383E+04 6.9862E+04 1.0065E+05 1.3457E+05 1.7076E+05 2.0861E+05 2.4767E+05 2.8762E+05
HSDT 7.8944E+03 1.9165E+04 3.6675E+04 5.9078E+04 8.5139E+04 1.1388E+05 1.4458E+05 1.7672E+05 2.0993E+05 2.4394E+05
Diff (%) 5.29E-02 1.21E-01 2.11E-01 3.06E-01 3.93E-01 4.70E-01 5.33E-01 5.86E-01 6.29E-01 6.64E-01
HSDT ρ ctn 7.8944E+03 1.9165E+04 3.6675E+04 5.9078E+04 8.5139E+04 1.1388E+05 1.4458E+05 1.7672E+05 2.0993E+05 2.4394E+05
Diff (%) 5.29E-02 1.21E-01 2.11E-01 3.06E-01 3.93E-01 4.70E-01 5.33E-01 5.86E-01 6.29E-01 6.64E-01
HSDT ρ var 7.8902E+03 1.9141E+04 3.6598E+04 5.8898E+04 8.4806E+04 1.1335E+05 1.4382E+05 1.7569E+05 2.0862E+05 2.4234E+05
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2) ER (GPa)=  70  ES (GPa)=  350   νR= 0.3  νS= 0.3   
Equivalent directly symmetrical FG sandwich plate parameters: 
 
 
  
Em=0.7*10^11; Er=3.5*10^11; AE=Er-Em; vm=0.30; vr=0.30; Av=vr-vm; h_tot=4*10^-3; %E in Pa ; h_tot in m
b_tot=L=40*10^-3 b/h=a/h=10
h1 h2 h3 h3 h2 h1
0.2 2.08E-04 8.01E-04 9.91E-04 9.91E-04 8.01E-04 2.08E-04
0.5 1.30E-04 8.35E-04 1.03E-03 1.03E-03 8.35E-04 1.30E-04
1 5.33E-04 9.69E-04 4.98E-04 4.98E-04 9.69E-04 5.33E-04
2 6.38E-04 7.97E-04 5.65E-04 5.65E-04 7.97E-04 6.38E-04
5 7.57E-04 7.49E-04 4.94E-04 4.94E-04 7.49E-04 7.57E-04
E1 E2 E3 E3 E2 E1
0.2 2.02E+11 2.86E+11 3.39E+11 3.39E+11 2.86E+11 2.02E+11
0.5 8.03E+10 2.05E+11 3.21E+11 3.21E+11 2.05E+11 8.03E+10
1 9.15E+10 2.09E+11 3.38E+11 3.38E+11 2.09E+11 9.15E+10
2 7.32E+10 1.41E+11 2.97E+11 2.97E+11 1.41E+11 7.32E+10
5 7.00E+10 8.08E+10 2.43E+11 2.43E+11 8.08E+10 7.00E+10
v1 v2 v3 v3 v2 v1
0.2 0.3 0.3 0.3 0.3 0.3 0.3
0.5 0.3 0.3 0.3 0.3 0.3 0.3
1 0.3 0.3 0.3 0.3 0.3 0.3
2 0.3 0.3 0.3 0.3 0.3 0.3
5 0.3 0.3 0.3 0.3 0.3 0.3
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Em=70GPa, vm= 0.30 ; Er=350 Gpa, vr= 0.30 h (mm)= 4
Rhom (kg/m3) 7000 Rhor (kg/m3) 4000
Table 6-1
b/h=10 MATLAB (HSDT out)
1 2 3 4 5 6 7 8 9 10
HSDT 1.4843E+06 2.1710E+06 3.4886E+06 5.0006E+06 6.5019E+06 7.8840E+06 9.1047E+06 1.0160E+07 1.1066E+07 1.1844E+07
Diff (%) -5.26E-05 -5.04E-05 -4.75E-05 -4.43E-05 -4.13E-05 -3.87E-05 -3.65E-05 -3.48E-05 -3.36E-05 -3.28E-05
HSDT ρ ctn 1.4843E+06 2.1710E+06 3.4886E+06 5.0006E+06 6.5019E+06 7.8840E+06 9.1047E+06 1.0160E+07 1.1066E+07 1.1844E+07
Diff (%) 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00
HSDT ρ var 1.4843E+06 2.1710E+06 3.4886E+06 5.0006E+06 6.5019E+06 7.8840E+06 9.1047E+06 1.0160E+07 1.1066E+07 1.1844E+07
HSDT 1.1016E+06 1.6280E+06 2.6552E+06 3.8699E+06 5.1155E+06 6.2975E+06 7.3694E+06 8.3164E+06 9.1424E+06 9.8596E+06
Diff (%) -3.41E-06 -3.40E-06 -3.19E-06 -2.81E-06 -2.38E-06 -1.95E-06 -1.58E-06 -1.26E-06 -1.00E-06 -7.97E-07
HSDT ρ ctn 1.1016E+06 1.6280E+06 2.6552E+06 3.8699E+06 5.1155E+06 6.2975E+06 7.3694E+06 8.3164E+06 9.1424E+06 9.8596E+06
Diff (%) 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00
HSDT ρ var 1.1016E+06 1.6280E+06 2.6552E+06 3.8699E+06 5.1155E+06 6.2975E+06 7.3694E+06 8.3164E+06 9.1424E+06 9.8596E+06
HSDT 7.8423E+05 1.1700E+06 1.9344E+06 2.8646E+06 3.8491E+06 4.8128E+06 5.7118E+06 6.5259E+06 7.2503E+06 7.8894E+06
Diff (%) 5.60E-07 3.55E-07 1.64E-07 6.82E-08 3.17E-08 1.01E-08 0.00E+00 -7.48E-09 -1.01E-08 -9.28E-09
HSDT ρ ctn 7.8423E+05 1.1700E+06 1.9344E+06 2.8646E+06 3.8491E+06 4.8128E+06 5.7118E+06 6.5259E+06 7.2503E+06 7.8894E+06
Diff (%) 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00
HSDT ρ var 7.8423E+05 1.1700E+06 1.9344E+06 2.8646E+06 3.8491E+06 4.8128E+06 5.7118E+06 6.5259E+06 7.2503E+06 7.8894E+06
HSDT 5.5161E+05 8.2848E+05 1.3836E+06 2.0736E+06 2.8218E+06 3.5726E+06 4.2897E+06 4.9530E+06 5.5544E+06 6.0935E+06
Diff (%) -2.66E-07 -1.77E-07 -8.82E-08 -2.35E-08 1.73E-08 4.10E-08 6.83E-08 8.38E-08 1.01E-07 1.16E-07
HSDT ρ ctn 5.5161E+05 8.2848E+05 1.3836E+06 2.0736E+06 2.8218E+06 3.5726E+06 4.2897E+06 4.9530E+06 5.5544E+06 6.0935E+06
Diff (%) 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00
HSDT ρ var 5.5161E+05 8.2848E+05 1.3836E+06 2.0736E+06 2.8218E+06 3.5726E+06 4.2897E+06 4.9530E+06 5.5544E+06 6.0935E+06
HSDT 4.2176E+05 6.3264E+05 1.0545E+06 1.5767E+06 2.1403E+06 2.7032E+06 3.2385E+06 3.7316E+06 4.1773E+06 4.5756E+06
Diff (%) -3.47E-07 -7.72E-08 2.08E-07 4.80E-07 7.41E-07 9.66E-07 1.19E-06 1.38E-06 1.54E-06 1.69E-06
HSDT ρ ctn 4.2176E+05 6.3264E+05 1.0545E+06 1.5767E+06 2.1403E+06 2.7032E+06 3.2385E+06 3.7316E+06 4.1773E+06 4.5756E+06
Diff (%) 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00
HSDT ρ var 4.2176E+05 6.3264E+05 1.0545E+06 1.5767E+06 2.1403E+06 2.7032E+06 3.2385E+06 3.7316E+06 4.1773E+06 4.5756E+06
n = 5
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Em=70GPa, vm= 0.30 ; Er=350 Gpa, vr= 0.30 h (mm)= 4
Rhom (kg/m3) 7000 Rhor (kg/m3) 4000
Table 6-1 Table 6-3
b/h=10 MATLAB (HSDT out)
1 2 3 4 5 6 7 8 9 10
HSDT 1.7814E+04 4.2711E+04 8.0376E+04 1.2716E+05 1.8010E+05 2.3707E+05 2.9670E+05 3.5805E+05 4.2056E+05 4.8384E+05
Diff (%) 6.14E-02 1.35E-01 2.27E-01 3.14E-01 3.89E-01 4.49E-01 4.98E-01 5.36E-01 5.68E-01 5.94E-01
HSDT ρ ctn 1.7814E+04 4.2711E+04 8.0376E+04 1.2716E+05 1.8010E+05 2.3707E+05 2.9670E+05 3.5805E+05 4.2056E+05 4.8384E+05
Diff (%) 6.14E-02 1.35E-01 2.27E-01 3.14E-01 3.89E-01 4.49E-01 4.98E-01 5.36E-01 5.68E-01 5.94E-01
HSDT ρ var 1.7803E+04 4.2653E+04 8.0194E+04 1.2676E+05 1.7940E+05 2.3601E+05 2.9523E+05 3.5614E+05 4.1818E+05 4.8099E+05
HSDT 1.4557E+04 3.5067E+04 6.6400E+04 1.0573E+05 1.5065E+05 1.9938E+05 2.5068E+05 3.0373E+05 3.5797E+05 4.1302E+05
Diff (%) 9.53E-02 2.13E-01 3.64E-01 5.15E-01 6.50E-01 7.64E-01 8.59E-01 9.37E-01 1.00E+00 1.06E+00
HSDT ρ ctn 1.4557E+04 3.5067E+04 6.6400E+04 1.0573E+05 1.5065E+05 1.9938E+05 2.5068E+05 3.0373E+05 3.5797E+05 4.1302E+05
Diff (%) 9.53E-02 2.13E-01 3.64E-01 5.15E-01 6.50E-01 7.64E-01 8.59E-01 9.37E-01 1.00E+00 1.06E+00
HSDT ρ var 1.4543E+04 3.4992E+04 6.6159E+04 1.0519E+05 1.4967E+05 1.9787E+05 2.4855E+05 3.0091E+05 3.5441E+05 4.0868E+05
HSDT 1.1710E+04 2.8328E+04 5.3947E+04 8.6424E+04 1.2386E+05 1.6480E+05 2.0818E+05 2.5327E+05 2.9957E+05 3.4671E+05
Diff (%) 1.04E-01 2.37E-01 4.12E-01 5.93E-01 7.60E-01 9.07E-01 1.03E+00 1.14E+00 1.23E+00 1.31E+00
HSDT ρ ctn 1.1710E+04 2.8328E+04 5.3947E+04 8.6424E+04 1.2386E+05 1.6480E+05 2.0818E+05 2.5327E+05 2.9957E+05 3.4671E+05
Diff (%) 1.04E-01 2.37E-01 4.12E-01 5.93E-01 7.60E-01 9.07E-01 1.03E+00 1.14E+00 1.23E+00 1.31E+00
HSDT ρ var 1.1698E+04 2.8261E+04 5.3726E+04 8.5915E+04 1.2293E+05 1.6332E+05 2.0605E+05 2.5042E+05 2.9593E+05 3.4223E+05
HSDT 9.4022E+03 2.2815E+04 4.3631E+04 7.0222E+04 1.0110E+05 1.3509E+05 1.7132E+05 2.0917E+05 2.4819E+05 2.8807E+05
Diff (%) 8.99E-02 2.06E-01 3.61E-01 5.26E-01 6.82E-01 8.20E-01 9.40E-01 1.04E+00 1.13E+00 1.20E+00
HSDT ρ ctn 9.4022E+03 2.2815E+04 4.3631E+04 7.0222E+04 1.0110E+05 1.3509E+05 1.7132E+05 2.0917E+05 2.4819E+05 2.8807E+05
Diff (%) 8.99E-02 2.06E-01 3.61E-01 5.26E-01 6.82E-01 8.20E-01 9.40E-01 1.04E+00 1.13E+00 1.20E+00
HSDT ρ var 9.3937E+03 2.2768E+04 4.3474E+04 6.9854E+04 1.0042E+05 1.3399E+05 1.6973E+05 2.0701E+05 2.4541E+05 2.8464E+05
HSDT 7.8990E+03 1.9157E+04 3.6611E+04 5.8887E+04 8.4741E+04 1.1320E+05 1.4353E+05 1.7525E+05 2.0797E+05 2.4146E+05
Diff (%) 5.27E-02 1.20E-01 2.09E-01 3.00E-01 3.84E-01 4.56E-01 5.16E-01 5.64E-01 6.02E-01 6.33E-01
HSDT ρ ctn 7.8990E+03 1.9157E+04 3.6611E+04 5.8887E+04 8.4741E+04 1.1320E+05 1.4353E+05 1.7525E+05 2.0797E+05 2.4146E+05
Diff (%) 5.27E-02 1.20E-01 2.09E-01 3.00E-01 3.84E-01 4.56E-01 5.16E-01 5.64E-01 6.02E-01 6.33E-01
HSDT ρ var 7.8949E+03 1.9134E+04 3.6535E+04 5.8711E+04 8.4416E+04 1.1268E+05 1.4280E+05 1.7426E+05 2.0673E+05 2.3994E+05
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Buckling and vibration of equivalent layered models for functionally graded plates including third-order 
shear deformation theory 
Torro Torro, Moises   68 
 
3) ER (GPa)=  70  ES (GPa)=  210   νR= 0.3  νS= 0.15   
Equivalent directly symmetrical FG sandwich plate parameters: 
 
 
  
Em=0.7*10^11; Er=2.1*10^11; AE=Er-Em; vm=0.30; vr=0.15; Av=vr-vm; h_tot=4*10^-3; %E in Pa ; h_tot in m
Equivalent isotropic layers plate:
h1 h2 h3 h3 h2 h1
0.2 2.18E-04 8.06E-04 9.77E-04 9.77E-04 8.06E-04 2.18E-04
0.5 3.01E-04 8.25E-04 8.74E-04 8.74E-04 8.25E-04 3.01E-04
1 4.27E-04 8.30E-04 7.42E-04 7.42E-04 8.30E-04 4.27E-04
2 6.35E-04 7.97E-04 5.68E-04 5.68E-04 7.97E-04 6.35E-04
5 1.03E-03 6.44E-04 3.30E-04 3.30E-04 6.44E-04 1.03E-03
E1 E2 E3 E3 E2 E1
0.2 1.37E+11 1.79E+11 2.04E+11 2.04E+11 1.79E+11 1.37E+11
0.5 9.74E+10 1.51E+11 1.98E+11 1.98E+11 1.51E+11 9.74E+10
1 7.86E+10 1.26E+11 1.91E+11 1.91E+11 1.26E+11 7.86E+10
2 7.16E+10 1.05E+11 1.83E+11 1.83E+11 1.05E+11 7.16E+10
5 7.01E+10 8.77E+10 1.77E+11 1.77E+11 8.77E+10 7.01E+10
v1 v2 v3 v3 v2 v1
0.2 0.229029504 0.184237025 0.156059835 0.156059835 0.184237025 0.229029504
0.5 0.271702477 0.215597252 0.163045731 0.163045731 0.215597252 0.271702477
1 0.291454374 0.242844231 0.171153048 0.171153048 0.242844231 0.291454374
2 0.298480381 0.265121441 0.180592192 0.180592192 0.265121441 0.298480381
5 0.299938681 0.282259919 0.191387828 0.191387828 0.282259919 0.299938681
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Em=70GPa, vm= 0.30 ; Er=210 Gpa, vr= 0.15 h (mm)= 4
Rhom (kg/m3) 7000 Rhor (kg/m3) 4000
Table 6-6
b/h=10 MATLAB (HSDT out)
1 2 3 4 5 6 7 8 9 10
HSDT 8.8912E+05 1.3109E+06 2.1307E+06 3.0934E+06 4.0731E+06 4.9963E+06 5.8283E+06 6.5598E+06 7.1954E+06 7.7460E+06
Diff (%) -4.12E-05 -3.97E-05 -3.76E-05 -3.52E-05 -3.28E-05 -3.07E-05 -2.88E-05 -2.73E-05 -2.61E-05 -2.53E-05
HSDT ρ ctn 8.8912E+05 1.3109E+06 2.1307E+06 3.0934E+06 4.0731E+06 4.9963E+06 5.8283E+06 6.5598E+06 7.1954E+06 7.7460E+06
Diff (%) 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00
HSDT ρ var 8.8912E+05 1.3109E+06 2.1307E+06 3.0934E+06 4.0731E+06 4.9963E+06 5.8283E+06 6.5598E+06 7.1954E+06 7.7460E+06
HSDT 7.1723E+05 1.0637E+06 1.7436E+06 2.5561E+06 3.3989E+06 4.2078E+06 4.9487E+06 5.6092E+06 6.1894E+06 6.6962E+06
Diff (%) -3.30E-06 -3.28E-06 -3.28E-06 -3.30E-06 -3.33E-06 -3.36E-06 -3.40E-06 -3.43E-06 -3.48E-06 -3.51E-06
HSDT ρ ctn 7.1723E+05 1.0637E+06 1.7436E+06 2.5561E+06 3.3989E+06 4.2078E+06 4.9487E+06 5.6092E+06 6.1894E+06 6.6962E+06
Diff (%) 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00
HSDT ρ var 7.1723E+05 1.0637E+06 1.7436E+06 2.5561E+06 3.3989E+06 4.2078E+06 4.9487E+06 5.6092E+06 6.1894E+06 6.6962E+06
HSDT 5.7276E+05 8.5354E+05 1.4090E+06 2.0826E+06 2.7928E+06 3.4856E+06 4.1297E+06 4.7114E+06 5.2280E+06 5.6830E+06
Diff (%) -2.13E-07 -8.58E-08 6.93E-08 1.76E-07 2.80E-07 3.71E-07 4.61E-07 5.34E-07 5.93E-07 6.44E-07
HSDT ρ ctn 5.7276E+05 8.5354E+05 1.4090E+06 2.0826E+06 2.7928E+06 3.4856E+06 4.1297E+06 4.7114E+06 5.2280E+06 5.6830E+06
Diff (%) 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00
HSDT ρ var 5.7276E+05 8.5354E+05 1.4090E+06 2.0826E+06 2.7928E+06 3.4856E+06 4.1297E+06 4.7114E+06 5.2280E+06 5.6830E+06
HSDT 4.6546E+05 6.9514E+05 1.1512E+06 1.7080E+06 2.2995E+06 2.8810E+06 3.4257E+06 3.9208E+06 4.3631E+06 4.7546E+06
Diff (%) -1.15E-06 -8.43E-07 -7.21E-07 -7.72E-07 -9.02E-07 -1.07E-06 -1.23E-06 -1.39E-06 -1.53E-06 -1.65E-06
HSDT ρ ctn 4.6546E+05 6.9514E+05 1.1512E+06 1.7080E+06 2.2995E+06 2.8810E+06 3.4257E+06 3.9208E+06 4.3631E+06 4.7546E+06
Diff (%) 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00
HSDT ρ var 4.6546E+05 6.9514E+05 1.1512E+06 1.7080E+06 2.2995E+06 2.8810E+06 3.4257E+06 3.9208E+06 4.3631E+06 4.7546E+06
HSDT 4.0410E+05 6.0055E+05 9.8736E+05 1.4526E+06 1.9385E+06 2.4083E+06 2.8415E+06 3.2300E+06 3.5731E+06 3.8742E+06
Diff (%) -3.02E-07 -2.44E-07 -2.23E-07 -2.69E-07 -3.27E-07 -3.85E-07 -4.38E-07 -4.99E-07 -5.40E-07 -5.80E-07
HSDT ρ ctn 4.0410E+05 6.0055E+05 9.8736E+05 1.4526E+06 1.9385E+06 2.4083E+06 2.8415E+06 3.2300E+06 3.5731E+06 3.8742E+06
Diff (%) 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00
HSDT ρ var 4.0410E+05 6.0055E+05 9.8736E+05 1.4526E+06 1.9385E+06 2.4083E+06 2.8415E+06 3.2300E+06 3.5731E+06 3.8742E+06
n = 5
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Em=70GPa, vm= 0.30 ; Er=210 Gpa, vr= 0.15 h (mm)= 4
Rhom (kg/m3) 7000 Rhor (kg/m3) 4000
Table 6-6
b/h=10 MATLAB (HSDT out)
1 2 3 4 5 6 7 8 9 10
HSDT 1.3786E+04 3.3175E+04 6.2736E+04 9.9765E+04 1.4199E+05 1.8775E+05 2.3591E+05 2.8569E+05 3.3659E+05 3.8828E+05
Diff (%) 6.20E-02 1.38E-01 2.35E-01 3.31E-01 4.16E-01 4.87E-01 5.45E-01 5.93E-01 6.33E-01 6.67E-01
HSDT ρ ctn 1.3786E+04 3.3175E+04 6.2736E+04 9.9765E+04 1.4199E+05 1.8775E+05 2.3591E+05 2.8569E+05 3.3659E+05 3.8828E+05
Diff (%) 6.20E-02 1.38E-01 2.35E-01 3.31E-01 4.16E-01 4.87E-01 5.46E-01 5.93E-01 6.33E-01 6.67E-01
HSDT ρ var 1.3778E+04 3.3129E+04 6.2589E+04 9.9436E+04 1.4140E+05 1.8684E+05 2.3463E+05 2.8400E+05 3.3447E+05 3.8570E+05
HSDT 1.1746E+04 2.8340E+04 5.3781E+04 8.5842E+04 1.2260E+05 1.6262E+05 2.0489E+05 2.4871E+05 2.9362E+05 3.3930E+05
Diff (%) 9.56E-02 2.15E-01 3.69E-01 5.26E-01 6.67E-01 7.88E-01 8.89E-01 9.73E-01 1.04E+00 1.10E+00
HSDT ρ ctn 1.1746E+04 2.8340E+04 5.3781E+04 8.5842E+04 1.2260E+05 1.6262E+05 2.0489E+05 2.4871E+05 2.9362E+05 3.3930E+05
Diff (%) 9.56E-02 2.15E-01 3.69E-01 5.26E-01 6.67E-01 7.88E-01 8.89E-01 9.73E-01 1.04E+00 1.10E+00
HSDT ρ var 1.1735E+04 2.8279E+04 5.3584E+04 8.5393E+04 1.2179E+05 1.6135E+05 2.0308E+05 2.4632E+05 2.9059E+05 3.3559E+05
HSDT 1.0008E+04 2.4198E+04 4.6056E+04 7.3741E+04 1.0564E+05 1.4051E+05 1.7746E+05 2.1589E+05 2.5535E+05 2.9557E+05
Diff (%) 1.04E-01 2.36E-01 4.08E-01 5.85E-01 7.47E-01 8.87E-01 1.01E+00 1.10E+00 1.19E+00 1.26E+00
HSDT ρ ctn 1.0008E+04 2.4198E+04 4.6056E+04 7.3741E+04 1.0564E+05 1.4051E+05 1.7746E+05 2.1589E+05 2.5535E+05 2.9557E+05
Diff (%) 1.04E-01 2.36E-01 4.08E-01 5.85E-01 7.47E-01 8.87E-01 1.01E+00 1.10E+00 1.19E+00 1.26E+00
HSDT ρ var 9.9971E+03 2.4141E+04 4.5869E+04 7.3313E+04 1.0485E+05 1.3927E+05 1.7570E+05 2.1353E+05 2.5236E+05 2.9190E+05
HSDT 8.6373E+03 2.0906E+04 3.9844E+04 6.3892E+04 9.1667E+04 1.2210E+05 1.5442E+05 1.8809E+05 2.2273E+05 2.5808E+05
Diff (%) 8.92E-02 2.02E-01 3.50E-01 5.01E-01 6.39E-01 7.57E-01 8.56E-01 9.36E-01 1.00E+00 1.06E+00
HSDT ρ ctn 8.6373E+03 2.0906E+04 3.9844E+04 6.3892E+04 9.1667E+04 1.2210E+05 1.5442E+05 1.8809E+05 2.2273E+05 2.5808E+05
Diff (%) 8.92E-02 2.02E-01 3.50E-01 5.01E-01 6.39E-01 7.57E-01 8.56E-01 9.36E-01 1.00E+00 1.06E+00
HSDT ρ var 8.6296E+03 2.0864E+04 3.9705E+04 6.3573E+04 9.1085E+04 1.2118E+05 1.5311E+05 1.8635E+05 2.2052E+05 2.5539E+05
HSDT 7.7327E+03 1.8675E+04 3.5488E+04 5.6731E+04 8.1154E+04 1.0781E+05 1.3604E+05 1.6538E+05 1.9551E+05 2.2622E+05
Diff (%) 5.20E-02 1.16E-01 1.98E-01 2.78E-01 3.47E-01 4.02E-01 4.43E-01 4.74E-01 4.96E-01 5.11E-01
HSDT ρ ctn 7.7327E+03 1.8675E+04 3.5488E+04 5.6731E+04 8.1154E+04 1.0781E+05 1.3604E+05 1.6538E+05 1.9551E+05 2.2622E+05
Diff (%) 5.20E-02 1.16E-01 1.98E-01 2.78E-01 3.47E-01 4.02E-01 4.43E-01 4.74E-01 4.96E-01 5.11E-01
HSDT ρ var 7.7286E+03 1.8653E+04 3.5418E+04 5.6574E+04 8.0874E+04 1.0738E+05 1.3544E+05 1.6460E+05 1.9455E+05 2.2507E+05
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Buckling and vibration of equivalent layered models for functionally graded plates including third-order 
shear deformation theory 
Torro Torro, Moises   71 
 
4) ER (GPa)=  70  ES (GPa)=  210   νR= 0.3  νS= 0.3    
Equivalent directly symmetrical FG sandwich plate parameters: 
 
 
  
Em=0.7*10^11; Er=2.1*10^11; AE=Er-Em; vm=0.30; vr=0.30; Av=vr-vm; h_tot=4*10^-3; %E in Pa ; h_tot in m
Equivalent isotropic layers plate:
h1 h2 h3 h3 h2 h1
0.2 2.52E-04 8.28E-04 9.21E-04 9.21E-04 8.28E-04 2.52E-04
0.5 2.61E-04 8.12E-04 9.27E-04 9.27E-04 8.12E-04 2.61E-04
1 3.25E-04 8.21E-04 8.54E-04 8.54E-04 8.21E-04 3.25E-04
2 7.18E-04 8.88E-04 3.95E-04 3.95E-04 8.88E-04 7.18E-04
5 7.27E-04 7.71E-04 5.02E-04 5.02E-04 7.71E-04 7.27E-04
E1 E2 E3 E3 E2 E1
0.2 1.39E+11 1.81E+11 2.05E+11 2.05E+11 1.81E+11 1.39E+11
0.5 9.48E+10 1.47E+11 1.97E+11 1.97E+11 1.47E+11 9.48E+10
1 7.55E+10 1.16E+11 1.87E+11 1.87E+11 1.16E+11 7.55E+10
2 7.20E+10 1.15E+11 2.01E+11 2.01E+11 1.15E+11 7.20E+10
5 7.00E+10 7.49E+10 1.56E+11 1.56E+11 7.49E+10 7.00E+10
v1 v2 v3 v3 v2 v1
0.2 0.3 0.3 0.3 0.3 0.3 0.3
0.5 0.3 0.3 0.3 0.3 0.3 0.3
1 0.3 0.3 0.3 0.3 0.3 0.3
2 0.3 0.3 0.3 0.3 0.3 0.3
5 0.3 0.3 0.3 0.3 0.3 0.3
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Em=70GPa, vm= 0.30 ; Er=210 Gpa, vr= 0.30 h (mm)= 4
Rhom (kg/m3) 7000 Rhor (kg/m3) 4000
Table 6-4
b/h=10 MATLAB (HSDT out)
1 2 3 4 5 6 7 8 9 10
HSDT 9.3403E+05 1.3635E+06 2.1852E+06 3.1230E+06 4.0489E+06 4.8970E+06 5.6427E+06 6.2856E+06 6.8358E+06 7.3076E+06
Diff (%) -4.13E-05 -3.99E-05 -3.79E-05 -3.56E-05 -3.35E-05 -3.16E-05 -3.01E-05 -2.90E-05 -2.81E-05 -2.76E-05
HSDT ρ ctn 9.3403E+05 1.3635E+06 2.1852E+06 3.1230E+06 4.0489E+06 4.8970E+06 5.6427E+06 6.2856E+06 6.8358E+06 7.3077E+06
Diff (%) 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00
HSDT ρ var 9.3403E+05 1.3635E+06 2.1852E+06 3.1230E+06 4.0489E+06 4.8970E+06 5.6427E+06 6.2856E+06 6.8358E+06 7.3077E+06
HSDT 7.4325E+05 1.0940E+06 1.7737E+06 2.5679E+06 3.3719E+06 4.1255E+06 4.8015E+06 5.3936E+06 5.9066E+06 6.3499E+06
Diff (%) -2.56E-06 -2.81E-06 -3.01E-06 -3.12E-06 -3.18E-06 -3.23E-06 -3.26E-06 -3.30E-06 -3.33E-06 -3.36E-06
HSDT ρ ctn 7.4325E+05 1.0940E+06 1.7737E+06 2.5679E+06 3.3719E+06 4.1255E+06 4.8015E+06 5.3936E+06 5.9066E+06 6.3499E+06
Diff (%) 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00
HSDT ρ var 7.4325E+05 1.0940E+06 1.7737E+06 2.5679E+06 3.3719E+06 4.1255E+06 4.8015E+06 5.3936E+06 5.9066E+06 6.3499E+06
HSDT 5.8535E+05 8.6749E+05 1.4205E+06 2.0799E+06 2.7624E+06 3.4160E+06 4.0136E+06 4.5455E+06 5.0123E+06 5.4197E+06
Diff (%) -4.17E-07 -2.81E-07 -1.03E-07 -2.35E-08 3.54E-08 7.15E-08 1.09E-07 1.40E-07 1.56E-07 1.76E-07
HSDT ρ ctn 5.8535E+05 8.6749E+05 1.4205E+06 2.0799E+06 2.7624E+06 3.4160E+06 4.0136E+06 4.5455E+06 5.0123E+06 5.4197E+06
Diff (%) 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00
HSDT ρ var 5.8535E+05 8.6749E+05 1.4205E+06 2.0799E+06 2.7624E+06 3.4160E+06 4.0136E+06 4.5455E+06 5.0123E+06 5.4197E+06
HSDT 4.6959E+05 6.9864E+05 1.1505E+06 1.6957E+06 2.2673E+06 2.8219E+06 3.3352E+06 3.7968E+06 4.2056E+06 4.5650E+06
Diff (%) 2.08E-07 1.40E-07 0.00E+00 -7.20E-08 -1.40E-07 -1.90E-07 -2.34E-07 -2.70E-07 -3.02E-07 -3.26E-07
HSDT ρ ctn 4.6959E+05 6.9864E+05 1.1505E+06 1.6957E+06 2.2673E+06 2.8219E+06 3.3352E+06 3.7968E+06 4.2056E+06 4.5650E+06
Diff (%) 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00
HSDT ρ var 4.6959E+05 6.9864E+05 1.1505E+06 1.6957E+06 2.2673E+06 2.8219E+06 3.3352E+06 3.7968E+06 4.2056E+06 4.5650E+06
HSDT 4.0426E+05 5.9931E+05 9.8180E+05 1.4384E+06 1.9115E+06 2.3652E+06 2.7805E+06 3.1507E+06 3.4761E+06 3.7605E+06
Diff (%) -6.04E-07 -2.85E-07 -2.49E-08 1.36E-07 2.81E-07 3.82E-07 4.74E-07 5.50E-07 6.04E-07 6.56E-07
HSDT ρ ctn 4.0426E+05 5.9931E+05 9.8180E+05 1.4384E+06 1.9115E+06 2.3652E+06 2.7805E+06 3.1507E+06 3.4761E+06 3.7605E+06
Diff (%) 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00
HSDT ρ var 4.0426E+05 5.9931E+05 9.8180E+05 1.4384E+06 1.9115E+06 2.3652E+06 2.7805E+06 3.1507E+06 3.4761E+06 3.7605E+06
n = 5
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Buckling analysis
n = 2
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Em=70GPa, vm= 0.30 ; Er=210 Gpa, vr= 0.30 h (mm)= 4
Rhom (kg/m3) 7000 Rhor (kg/m3) 4000
Table 6-4
b/h=10 MATLAB (HSDT out)
1 2 3 4 5 6 7 8 9 10
HSDT 1.4132E+04 3.3852E+04 6.3634E+04 1.0056E+05 1.4227E+05 1.8710E+05 2.3397E+05 2.8216E+05 3.3124E+05 3.8091E+05
Diff (%) 6.12E-02 1.35E-01 2.24E-01 3.09E-01 3.81E-01 4.39E-01 4.84E-01 5.20E-01 5.49E-01 5.74E-01
HSDT ρ ctn 1.4132E+04 3.3852E+04 6.3634E+04 1.0056E+05 1.4227E+05 1.8710E+05 2.3397E+05 2.8216E+05 3.3124E+05 3.8091E+05
Diff (%) 6.12E-02 1.35E-01 2.24E-01 3.09E-01 3.81E-01 4.39E-01 4.84E-01 5.20E-01 5.49E-01 5.74E-01
HSDT ρ var 1.4123E+04 3.3807E+04 6.3492E+04 1.0025E+05 1.4173E+05 1.8629E+05 2.3284E+05 2.8070E+05 3.2943E+05 3.7873E+05
HSDT 1.1958E+04 2.8752E+04 5.4311E+04 8.6260E+04 1.2262E+05 1.6194E+05 2.0324E+05 2.4586E+05 2.8939E+05 3.3353E+05
Diff (%) 9.47E-02 2.11E-01 3.56E-01 4.99E-01 6.23E-01 7.26E-01 8.09E-01 8.77E-01 9.32E-01 9.79E-01
HSDT ρ ctn 1.1958E+04 2.8752E+04 5.4311E+04 8.6260E+04 1.2262E+05 1.6194E+05 2.0324E+05 2.4586E+05 2.8939E+05 3.3353E+05
Diff (%) 9.47E-02 2.11E-01 3.56E-01 4.99E-01 6.23E-01 7.26E-01 8.09E-01 8.77E-01 9.32E-01 9.79E-01
HSDT ρ var 1.1947E+04 2.8692E+04 5.4119E+04 8.5832E+04 1.2186E+05 1.6077E+05 2.0160E+05 2.4373E+05 2.8671E+05 3.3029E+05
HSDT 1.0118E+04 2.4403E+04 4.6287E+04 7.3839E+04 1.0540E+05 1.3973E+05 1.7596E+05 2.1350E+05 2.5194E+05 2.9101E+05
Diff (%) 1.03E-01 2.32E-01 3.97E-01 5.62E-01 7.10E-01 8.34E-01 9.36E-01 1.02E+00 1.09E+00 1.15E+00
HSDT ρ ctn 1.0118E+04 2.4403E+04 4.6287E+04 7.3839E+04 1.0540E+05 1.3973E+05 1.7596E+05 2.1350E+05 2.5194E+05 2.9101E+05
Diff (%) 1.03E-01 2.32E-01 3.97E-01 5.62E-01 7.10E-01 8.34E-01 9.36E-01 1.02E+00 1.09E+00 1.15E+00
HSDT ρ var 1.0107E+04 2.4346E+04 4.6104E+04 7.3426E+04 1.0466E+05 1.3858E+05 1.7433E+05 2.1134E+05 2.4923E+05 2.8772E+05
HSDT 8.6760E+03 2.0963E+04 3.9858E+04 6.3751E+04 9.1237E+04 1.2125E+05 1.5302E+05 1.8604E+05 2.1994E+05 2.5447E+05
Diff (%) 8.88E-02 2.00E-01 3.43E-01 4.87E-01 6.16E-01 7.24E-01 8.11E-01 8.81E-01 9.37E-01 9.83E-01
HSDT ρ ctn 8.6760E+03 2.0963E+04 3.9858E+04 6.3751E+04 9.1237E+04 1.2125E+05 1.5302E+05 1.8604E+05 2.1994E+05 2.5447E+05
Diff (%) 8.88E-02 2.00E-01 3.43E-01 4.87E-01 6.16E-01 7.24E-01 8.11E-01 8.81E-01 9.37E-01 9.83E-01
HSDT ρ var 8.6683E+03 2.0921E+04 3.9722E+04 6.3442E+04 9.0678E+04 1.2038E+05 1.5179E+05 1.8441E+05 2.1789E+05 2.5199E+05
HSDT 7.7344E+03 1.8658E+04 3.5403E+04 5.6504E+04 8.0703E+04 1.0706E+05 1.3492E+05 1.6383E+05 1.9348E+05 2.2367E+05
Diff (%) 5.19E-02 1.15E-01 1.95E-01 2.72E-01 3.38E-01 3.89E-01 4.27E-01 4.54E-01 4.73E-01 4.86E-01
HSDT ρ ctn 7.7344E+03 1.8658E+04 3.5403E+04 5.6504E+04 8.0703E+04 1.0706E+05 1.3492E+05 1.6383E+05 1.9348E+05 2.2367E+05
Diff (%) 5.19E-02 1.15E-01 1.95E-01 2.72E-01 3.38E-01 3.89E-01 4.27E-01 4.54E-01 4.73E-01 4.86E-01
HSDT ρ var 7.7304E+03 1.8637E+04 3.5334E+04 5.6350E+04 8.0431E+04 1.0665E+05 1.3435E+05 1.6308E+05 1.9257E+05 2.2258E+05
n = 5
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Vibration analysis
n = 2
65536
n = 0.2
Buckling and vibration of equivalent layered models for functionally graded plates including third-order 
shear deformation theory 
Torro Torro, Moises   74 
 
5) ER (GPa)=  70  ES (GPa)=  140   νR= 0.3  νS= 0.15    
Equivalent directly symmetrical FG sandwich plate parameters: 
 
 
  
Em=0.7*10^11; Er=1.4*10^11; AE=Er-Em; vm=0.30; vr=0.15; Av=vr-vm; h_tot=4*10^-3; %E in Pa ; h_tot in m
Equivalent isotropic layers plate:
h1 h2 h3 h3 h2 h1
0.2 2.18E-04 8.06E-04 9.77E-04 9.77E-04 8.06E-04 2.18E-04
0.5 3.01E-04 8.25E-04 8.74E-04 8.74E-04 8.25E-04 3.01E-04
1 4.27E-04 8.30E-04 7.42E-04 7.42E-04 8.30E-04 4.27E-04
2 6.35E-04 7.97E-04 5.68E-04 5.68E-04 7.97E-04 6.35E-04
5 1.03E-03 6.44E-04 3.30E-04 3.30E-04 6.44E-04 1.03E-03
E1 E2 E3 E3 E2 E1
0.2 1.03E+11 1.24E+11 1.37E+11 1.37E+11 1.24E+11 1.03E+11
0.5 8.37E+10 1.10E+11 1.34E+11 1.34E+11 1.10E+11 8.37E+10
1 7.43E+10 9.80E+10 1.30E+11 1.30E+11 9.80E+10 7.43E+10
2 7.08E+10 8.75E+10 1.27E+11 1.27E+11 8.75E+10 7.08E+10
5 7.00E+10 7.89E+10 1.23E+11 1.23E+11 7.89E+10 7.00E+10
v1 v2 v3 v3 v2 v1
0.2 0.228813801 0.184033303 0.15605232 0.15605232 0.184033303 0.228813801
0.5 0.271228501 0.214917133 0.162991909 0.162991909 0.214917133 0.271228501
1 0.29111302 0.241736518 0.170941164 0.170941164 0.241736518 0.29111302
2 0.298396595 0.264008924 0.179934674 0.179934674 0.264008924 0.298396595
5 0.299935892 0.281664917 0.189589928 0.189589928 0.281664917 0.299935892
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Em=70GPa, vm= 0.30 ; Er=140 Gpa, vr= 0.15 h (mm)= 4
Rhom (kg/m3) 7000 Rhor (kg/m3) 4000
Table 6-7
b/h=10 MATLAB (HSDT out)
1 2 3 4 5 6 7 8 9 10
HSDT 6.2748E+05 9.2327E+05 1.4963E+06 2.1652E+06 2.8416E+06 3.4752E+06 4.0432E+06 4.5404E+06 4.9711E+06 5.3433E+06
Diff (%) -2.78E-05 -2.67E-05 -2.51E-05 -2.34E-05 -2.17E-05 -2.01E-05 -1.89E-05 -1.78E-05 -1.70E-05 -1.64E-05
HSDT ρ ctn 6.2748E+05 9.2327E+05 1.4963E+06 2.1652E+06 2.8416E+06 3.4752E+06 4.0432E+06 4.5404E+06 4.9711E+06 5.3433E+06
Diff (%) 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00
HSDT ρ var 6.2748E+05 9.2327E+05 1.4963E+06 2.1652E+06 2.8416E+06 3.4752E+06 4.0432E+06 4.5404E+06 4.9711E+06 5.3433E+06
HSDT 5.4483E+05 8.0456E+05 1.3106E+06 1.9078E+06 2.5186E+06 3.0969E+06 3.6204E+06 4.0824E+06 4.4850E+06 4.8346E+06
Diff (%) -2.51E-06 -2.28E-06 -2.05E-06 -1.92E-06 -1.83E-06 -1.77E-06 -1.71E-06 -1.67E-06 -1.65E-06 -1.63E-06
HSDT ρ ctn 5.4483E+05 8.0456E+05 1.3106E+06 1.9078E+06 2.5186E+06 3.0969E+06 3.6204E+06 4.0824E+06 4.4850E+06 4.8346E+06
Diff (%) 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00
HSDT ρ var 5.4483E+05 8.0456E+05 1.3106E+06 1.9078E+06 2.5186E+06 3.0969E+06 3.6204E+06 4.0824E+06 4.4850E+06 4.8346E+06
HSDT 4.7574E+05 7.0423E+05 1.1512E+06 1.6824E+06 2.2300E+06 2.7525E+06 3.2287E+06 3.6514E+06 4.0217E+06 4.3443E+06
Diff (%) -1.13E-06 -9.01E-07 -8.48E-07 -9.87E-07 -1.19E-06 -1.42E-06 -1.63E-06 -1.83E-06 -1.99E-06 -2.12E-06
HSDT ρ ctn 4.7574E+05 7.0423E+05 1.1512E+06 1.6824E+06 2.2300E+06 2.7525E+06 3.2287E+06 3.6514E+06 4.0217E+06 4.3443E+06
Diff (%) 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00
HSDT ρ var 4.7574E+05 7.0423E+05 1.1512E+06 1.6824E+06 2.2300E+06 2.7525E+06 3.2287E+06 3.6514E+06 4.0217E+06 4.3443E+06
HSDT 4.2442E+05 6.2822E+05 1.0268E+06 1.5005E+06 1.9888E+06 2.4546E+06 2.8792E+06 3.2561E+06 3.5863E+06 3.8743E+06
Diff (%) 5.75E-07 3.89E-07 3.33E-07 3.25E-07 3.81E-07 4.38E-07 4.92E-07 5.55E-07 5.99E-07 6.43E-07
HSDT ρ ctn 4.2442E+05 6.2822E+05 1.0268E+06 1.5005E+06 1.9888E+06 2.4546E+06 2.8792E+06 3.2561E+06 3.5863E+06 3.8743E+06
Diff (%) 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00
HSDT ρ var 4.2442E+05 6.2822E+05 1.0268E+06 1.5005E+06 1.9888E+06 2.4546E+06 2.8792E+06 3.2561E+06 3.5863E+06 3.8743E+06
HSDT 3.9449E+05 5.8075E+05 9.4186E+05 1.3641E+06 1.7918E+06 2.1931E+06 2.5535E+06 2.8694E+06 3.1436E+06 3.3808E+06
Diff (%) -2.48E-07 0.00E+00 1.30E-07 3.04E-07 4.36E-07 5.57E-07 6.69E-07 7.49E-07 8.23E-07 8.81E-07
HSDT ρ ctn 3.9449E+05 5.8075E+05 9.4186E+05 1.3641E+06 1.7918E+06 2.1931E+06 2.5535E+06 2.8694E+06 3.1436E+06 3.3808E+06
Diff (%) 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00
HSDT ρ var 3.9449E+05 5.8075E+05 9.4186E+05 1.3641E+06 1.7918E+06 2.1931E+06 2.5535E+06 2.8694E+06 3.1436E+06 3.3808E+06
n = 5
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Buckling analysis
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Em=70GPa, vm= 0.30 ; Er=140 Gpa, vr= 0.15 h (mm)= 4
Rhom (kg/m3) 7000 Rhor (kg/m3) 4000
Table 6-7
b/h=10 MATLAB (HSDT out)
1 2 3 4 5 6 7 8 9 10
HSDT 1.1582E+04 2.7845E+04 5.2593E+04 8.3530E+04 1.1875E+05 1.5685E+05 1.9690E+05 2.3827E+05 2.8053E+05 3.2343E+05
Diff (%) 6.18E-02 1.37E-01 2.33E-01 3.26E-01 4.08E-01 4.75E-01 5.30E-01 5.74E-01 6.11E-01 6.41E-01
HSDT ρ ctn 1.1582E+04 2.7845E+04 5.2593E+04 8.3530E+04 1.1875E+05 1.5685E+05 1.9690E+05 2.3827E+05 2.8053E+05 3.2343E+05
Diff (%) 6.18E-02 1.37E-01 2.33E-01 3.26E-01 4.08E-01 4.75E-01 5.30E-01 5.74E-01 6.11E-01 6.41E-01
HSDT ρ var 1.1575E+04 2.7807E+04 5.2471E+04 8.3259E+04 1.1826E+05 1.5611E+05 1.9586E+05 2.3691E+05 2.7883E+05 3.2137E+05
HSDT 1.0238E+04 2.4654E+04 4.6666E+04 7.4284E+04 1.0583E+05 1.4005E+05 1.7610E+05 2.1340E+05 2.5157E+05 2.9034E+05
Diff (%) 9.50E-02 2.12E-01 3.61E-01 5.08E-01 6.38E-01 7.47E-01 8.35E-01 9.07E-01 9.66E-01 1.01E+00
HSDT ρ ctn 1.0238E+04 2.4654E+04 4.6666E+04 7.4284E+04 1.0583E+05 1.4005E+05 1.7610E+05 2.1340E+05 2.5157E+05 2.9034E+05
Diff (%) 9.50E-02 2.12E-01 3.61E-01 5.08E-01 6.38E-01 7.47E-01 8.35E-01 9.07E-01 9.66E-01 1.01E+00
HSDT ρ var 1.0228E+04 2.4602E+04 4.6498E+04 7.3908E+04 1.0515E+05 1.3901E+05 1.7464E+05 2.1149E+05 2.4916E+05 2.8743E+05
HSDT 9.1214E+03 2.1989E+04 4.1682E+04 6.6454E+04 9.4811E+04 1.2564E+05 1.5818E+05 1.9189E+05 2.2642E+05 2.6153E+05
Diff (%) 1.03E-01 2.31E-01 3.93E-01 5.55E-01 6.97E-01 8.15E-01 9.10E-01 9.86E-01 1.05E+00 1.10E+00
HSDT ρ ctn 9.1214E+03 2.1989E+04 4.1682E+04 6.6454E+04 9.4811E+04 1.2564E+05 1.5818E+05 1.9189E+05 2.2642E+05 2.6153E+05
Diff (%) 1.03E-01 2.31E-01 3.93E-01 5.55E-01 6.97E-01 8.15E-01 9.10E-01 9.86E-01 1.05E+00 1.10E+00
HSDT ρ var 9.1120E+03 2.1938E+04 4.1519E+04 6.6088E+04 9.4155E+04 1.2463E+05 1.5675E+05 1.9001E+05 2.2407E+05 2.5869E+05
HSDT 8.2486E+03 1.9885E+04 3.7693E+04 6.0095E+04 8.5742E+04 1.1363E+05 1.4307E+05 1.7358E+05 2.0484E+05 2.3665E+05
Diff (%) 8.81E-02 1.96E-01 3.33E-01 4.66E-01 5.81E-01 6.74E-01 7.46E-01 8.01E-01 8.42E-01 8.73E-01
HSDT ρ ctn 8.2486E+03 1.9885E+04 3.7693E+04 6.0095E+04 8.5742E+04 1.1363E+05 1.4307E+05 1.7358E+05 2.0484E+05 2.3665E+05
Diff (%) 8.81E-02 1.96E-01 3.33E-01 4.66E-01 5.81E-01 6.74E-01 7.46E-01 8.01E-01 8.42E-01 8.73E-01
HSDT ρ var 8.2413E+03 1.9846E+04 3.7568E+04 5.9816E+04 8.5247E+04 1.1287E+05 1.4201E+05 1.7220E+05 2.0313E+05 2.3460E+05
HSDT 7.6410E+03 1.8375E+04 3.4718E+04 5.5162E+04 7.8451E+04 1.0367E+05 1.3019E+05 1.5761E+05 1.8564E+05 2.1410E+05
Diff (%) 5.13E-02 1.13E-01 1.88E-01 2.57E-01 3.13E-01 3.54E-01 3.82E-01 4.00E-01 4.11E-01 4.16E-01
HSDT ρ ctn 7.6410E+03 1.8375E+04 3.4718E+04 5.5162E+04 7.8451E+04 1.0367E+05 1.3019E+05 1.5761E+05 1.8564E+05 2.1410E+05
Diff (%) 5.13E-02 1.13E-01 1.88E-01 2.57E-01 3.13E-01 3.54E-01 3.82E-01 4.00E-01 4.11E-01 4.16E-01
HSDT ρ var 7.6371E+03 1.8354E+04 3.4653E+04 5.5021E+04 7.8206E+04 1.0330E+05 1.2970E+05 1.5698E+05 1.8488E+05 2.1321E+05
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6) ER (GPa)=  70  ES (GPa)=  140   νR= 0.3  νS= 0.3    
Equivalent directly symmetrical FG sandwich plate parameters: 
 
 
  
Em=0.7*10^11; Er=1.4*10^11; AE=Er-Em; vm=0.30; vr=0.30; Av=vr-vm; h_tot=4*10^-3; %E in Pa ; h_tot in m
Equivalent isotropic layers plate:
h1 h2 h3 h3 h2 h1
0.2 6.59E-05 8.09E-04 1.12E-03 1.12E-03 8.09E-04 6.59E-05
0.5 1.76E-04 8.20E-04 1.00E-03 1.00E-03 8.20E-04 1.76E-04
1 2.87E-04 8.31E-04 8.82E-04 8.82E-04 8.31E-04 2.87E-04
2 5.97E-04 7.86E-04 6.16E-04 6.16E-04 7.86E-04 5.97E-04
5 7.22E-04 7.75E-04 5.03E-04 5.03E-04 7.75E-04 7.22E-04
E1 E2 E3 E3 E2 E1
0.2 8.28E+10 1.20E+11 1.37E+11 1.37E+11 1.20E+11 8.28E+10
0.5 7.76E+10 1.05E+11 1.33E+11 1.33E+11 1.05E+11 7.76E+10
1 7.20E+10 9.17E+10 1.28E+11 1.28E+11 9.17E+10 7.20E+10
2 7.07E+10 8.56E+10 1.25E+11 1.25E+11 8.56E+10 7.07E+10
5 7.00E+10 7.24E+10 1.13E+11 1.13E+11 7.24E+10 7.00E+10
v1 v2 v3 v3 v2 v1
0.2 0.3 0.3 0.3 0.3 0.3 0.3
0.5 0.3 0.3 0.3 0.3 0.3 0.3
1 0.3 0.3 0.3 0.3 0.3 0.3
2 0.3 0.3 0.3 0.3 0.3 0.3
5 0.3 0.3 0.3 0.3 0.3 0.3
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Em=70GPa, vm= 0.30 ; Er=140 Gpa, vr= 0.30 h (mm)= 4
Rhom (kg/m3) 7000 Rhor (kg/m3) 4000
Table 6-5
b/h=10 MATLAB (HSDT out)
1 2 3 4 5 6 7 8 9 10
HSDT 6.5880E+05 9.5948E+05 1.5327E+06 2.1827E+06 2.8202E+06 3.4005E+06 3.9083E+06 4.3442E+06 4.7164E+06 5.0350E+06
Diff (%) -3.01E-05 -2.88E-05 -2.73E-05 -2.57E-05 -2.42E-05 -2.30E-05 -2.20E-05 -2.13E-05 -2.08E-05 -2.04E-05
HSDT ρ ctn 6.5880E+05 9.5948E+05 1.5327E+06 2.1827E+06 2.8202E+06 3.4005E+06 3.9083E+06 4.3442E+06 4.7164E+06 5.0350E+06
Diff (%) 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00
HSDT ρ var 6.5880E+05 9.5948E+05 1.5327E+06 2.1827E+06 2.8202E+06 3.4005E+06 3.9083E+06 4.3442E+06 4.7164E+06 5.0350E+06
HSDT 5.6375E+05 8.2582E+05 1.3299E+06 1.9109E+06 2.4905E+06 3.0264E+06 3.5016E+06 3.9139E+06 4.2686E+06 4.5737E+06
Diff (%) -1.69E-06 -1.77E-06 -1.80E-06 -1.76E-06 -1.71E-06 -1.64E-06 -1.58E-06 -1.53E-06 -1.50E-06 -1.48E-06
HSDT ρ ctn 5.6375E+05 8.2582E+05 1.3299E+06 1.9109E+06 2.4905E+06 3.0264E+06 3.5016E+06 3.9139E+06 4.2686E+06 4.5737E+06
Diff (%) 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00
HSDT ρ var 5.6375E+05 8.2582E+05 1.3299E+06 1.9109E+06 2.4905E+06 3.0264E+06 3.5016E+06 3.9139E+06 4.2686E+06 4.5737E+06
HSDT 4.8519E+05 7.1387E+05 1.1568E+06 1.6739E+06 2.1967E+06 2.6864E+06 3.1254E+06 3.5099E+06 3.8430E+06 4.1311E+06
Diff (%) -6.54E-07 -5.13E-07 -4.22E-07 -4.23E-07 -4.78E-07 -5.36E-07 -6.01E-07 -6.61E-07 -7.12E-07 -7.56E-07
HSDT ρ ctn 4.8519E+05 7.1387E+05 1.1568E+06 1.6739E+06 2.1967E+06 2.6864E+06 3.1254E+06 3.5099E+06 3.8430E+06 4.1311E+06
Diff (%) 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00
HSDT ρ var 4.8519E+05 7.1387E+05 1.1568E+06 1.6739E+06 2.1967E+06 2.6864E+06 3.1254E+06 3.5099E+06 3.8430E+06 4.1311E+06
HSDT 4.2752E+05 6.3010E+05 1.0236E+06 1.4852E+06 1.9546E+06 2.3966E+06 2.7948E+06 3.1449E+06 3.4493E+06 3.7133E+06
Diff (%) 6.28E-07 3.49E-07 1.43E-07 1.64E-08 -6.25E-08 -1.02E-07 -1.49E-07 -1.79E-07 -1.98E-07 -2.17E-07
HSDT ρ ctn 4.2752E+05 6.3010E+05 1.0236E+06 1.4852E+06 1.9546E+06 2.3966E+06 2.7948E+06 3.1449E+06 3.4493E+06 3.7133E+06
Diff (%) 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00
HSDT ρ var 4.2752E+05 6.3010E+05 1.0236E+06 1.4852E+06 1.9546E+06 2.3966E+06 2.7948E+06 3.1449E+06 3.4493E+06 3.7133E+06
HSDT 3.9449E+05 5.7925E+05 9.3599E+05 1.3500E+06 1.7660E+06 2.1535E+06 2.4991E+06 2.8006E+06 3.0611E+06 3.2860E+06
Diff (%) -1.86E-07 4.21E-08 3.65E-07 6.15E-07 8.57E-07 1.07E-06 1.26E-06 1.41E-06 1.54E-06 1.64E-06
HSDT ρ ctn 3.9449E+05 5.7925E+05 9.3599E+05 1.3500E+06 1.7660E+06 2.1535E+06 2.4991E+06 2.8006E+06 3.0611E+06 3.2860E+06
Diff (%) 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00
HSDT ρ var 3.9449E+05 5.7925E+05 9.3599E+05 1.3500E+06 1.7660E+06 2.1535E+06 2.4991E+06 2.8006E+06 3.0611E+06 3.2860E+06
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Em=70GPa, vm= 0.30 ; Er=140 Gpa, vr= 0.30 h (mm)= 4
Rhom (kg/m3) 7000 Rhor (kg/m3) 4000
Table 6-5
b/h=10 MATLAB (HSDT out)
1 2 3 4 5 6 7 8 9 10
HSDT 1.1869E+04 2.8401E+04 5.3315E+04 8.4134E+04 1.1888E+05 1.5617E+05 1.9510E+05 2.3510E+05 2.7580E+05 3.1698E+05
Diff (%) 6.10E-02 1.34E-01 2.21E-01 3.04E-01 3.73E-01 4.27E-01 4.69E-01 5.02E-01 5.28E-01 5.50E-01
HSDT ρ ctn 1.1869E+04 2.8401E+04 5.3315E+04 8.4134E+04 1.1888E+05 1.5617E+05 1.9510E+05 2.3510E+05 2.7580E+05 3.1698E+05
Diff (%) 6.11E-02 1.34E-01 2.21E-01 3.04E-01 3.73E-01 4.27E-01 4.69E-01 5.02E-01 5.28E-01 5.50E-01
HSDT ρ var 1.1862E+04 2.8363E+04 5.3197E+04 8.3879E+04 1.1844E+05 1.5551E+05 1.9419E+05 2.3392E+05 2.7435E+05 3.1525E+05
HSDT 1.0415E+04 2.4988E+04 4.7068E+04 7.4538E+04 1.0567E+05 1.3921E+05 1.7436E+05 2.1055E+05 2.4746E+05 2.8484E+05
Diff (%) 9.41E-02 2.07E-01 3.47E-01 4.81E-01 5.94E-01 6.85E-01 7.56E-01 8.13E-01 8.57E-01 8.94E-01
HSDT ρ ctn 1.0415E+04 2.4988E+04 4.7068E+04 7.4538E+04 1.0567E+05 1.3921E+05 1.7436E+05 2.1055E+05 2.4746E+05 2.8484E+05
Diff (%) 9.41E-02 2.07E-01 3.47E-01 4.81E-01 5.94E-01 6.85E-01 7.56E-01 8.13E-01 8.57E-01 8.94E-01
HSDT ρ var 1.0405E+04 2.4937E+04 4.6906E+04 7.4182E+04 1.0504E+05 1.3827E+05 1.7305E+05 2.0886E+05 2.4535E+05 2.8232E+05
HSDT 9.2122E+03 2.2146E+04 4.1826E+04 6.6420E+04 9.4405E+04 1.2467E+05 1.5647E+05 1.8930E+05 2.2284E+05 2.5686E+05
Diff (%) 1.02E-01 2.27E-01 3.82E-01 5.31E-01 6.59E-01 7.61E-01 8.42E-01 9.04E-01 9.53E-01 9.91E-01
HSDT ρ ctn 9.2122E+03 2.2146E+04 4.1826E+04 6.6420E+04 9.4405E+04 1.2467E+05 1.5647E+05 1.8930E+05 2.2284E+05 2.5686E+05
Diff (%) 1.02E-01 2.27E-01 3.82E-01 5.31E-01 6.59E-01 7.61E-01 8.42E-01 9.04E-01 9.53E-01 9.91E-01
HSDT ρ var 9.2027E+03 2.2096E+04 4.1667E+04 6.6069E+04 9.3787E+04 1.2373E+05 1.5517E+05 1.8761E+05 2.2073E+05 2.5434E+05
HSDT 8.2790E+03 1.9919E+04 3.7660E+04 5.9874E+04 8.5200E+04 1.1264E+05 1.4151E+05 1.7136E+05 2.0188E+05 2.3287E+05
Diff (%) 8.76E-02 1.94E-01 3.26E-01 4.52E-01 5.58E-01 6.41E-01 7.03E-01 7.50E-01 7.83E-01 8.08E-01
HSDT ρ ctn 8.2790E+03 1.9919E+04 3.7660E+04 5.9874E+04 8.5200E+04 1.1264E+05 1.4151E+05 1.7136E+05 2.0188E+05 2.3287E+05
Diff (%) 8.76E-02 1.94E-01 3.26E-01 4.52E-01 5.58E-01 6.41E-01 7.03E-01 7.50E-01 7.83E-01 8.08E-01
HSDT ρ var 8.2718E+03 1.9880E+04 3.7537E+04 5.9605E+04 8.4727E+04 1.1192E+05 1.4052E+05 1.7008E+05 2.0031E+05 2.3101E+05
HSDT 7.6412E+03 1.8354E+04 3.4624E+04 5.4922E+04 7.7987E+04 1.0291E+05 1.2908E+05 1.5608E+05 1.8367E+05 2.1165E+05
Diff (%) 5.12E-02 1.12E-01 1.85E-01 2.52E-01 3.05E-01 3.42E-01 3.68E-01 3.83E-01 3.92E-01 3.95E-01
HSDT ρ ctn 7.6412E+03 1.8354E+04 3.4624E+04 5.4922E+04 7.7987E+04 1.0291E+05 1.2908E+05 1.5608E+05 1.8367E+05 2.1165E+05
Diff (%) 5.12E-02 1.12E-01 1.85E-01 2.52E-01 3.05E-01 3.42E-01 3.68E-01 3.83E-01 3.92E-01 3.95E-01
HSDT ρ var 7.6373E+03 1.8333E+04 3.4560E+04 5.4784E+04 7.7751E+04 1.0256E+05 1.2860E+05 1.5549E+05 1.8295E+05 2.1082E+05
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7) ER (GPa)=  70  ES (GPa)=  380  νR  νS= 0.30  (6 layers) (Comparison of the 
results with other papers) 
Equivalent directly symmetrical FG sandwich plate parameters: 
 
 
 
 
 
 
 
Em=0.7*10^11; Er=3.8*10^11; AE=Er-Em; vm=0.30; vr=0.3; Av=vr-vm; h_tot=4*10^-3; %E in Pa ; h_tot in m
b_tot=L=40*10^-3 b/h=a/h=10 γ1=-1 ; γ2=0 
Equivalent isotropic layers plate:
h3 h2 h1 h1 h2 h3 E3 E2 E1 E1 E2 E3
0 1.01E-16 4.10E-05 1.96E-03 1.96E-03 4.10E-05 1.01E-16 3.71E+11 3.80E+11 3.80E+11 3.80E+11 3.80E+11 3.71E+11
0.2 1.38E-04 7.93E-04 1.07E-03 1.07E-03 7.93E-04 1.38E-04 1.95E+11 3.01E+11 3.66E+11 3.66E+11 3.01E+11 1.95E+11
0.5 3.83E-04 9.06E-04 7.11E-04 7.11E-04 9.06E-04 3.83E-04 1.39E+11 2.68E+11 3.61E+11 3.61E+11 2.68E+11 1.39E+11
1 4.28E-04 8.29E-04 7.43E-04 7.43E-04 8.29E-04 4.28E-04 8.91E+10 1.94E+11 3.38E+11 3.38E+11 1.94E+11 8.91E+10
2 6.41E-04 7.99E-04 5.61E-04 5.61E-04 7.99E-04 6.41E-04 7.35E+10 1.49E+11 3.22E+11 3.22E+11 1.49E+11 7.35E+10
5 1.03E-03 6.43E-04 3.31E-04 3.31E-04 6.43E-04 1.03E-03 7.01E+10 1.09E+11 3.06E+11 3.06E+11 1.09E+11 7.01E+10
10 8.28E-04 8.26E-04 3.46E-04 3.46E-04 8.26E-04 8.28E-04 7.00E+10 7.14E+10 2.30E+11 2.30E+11 7.14E+10 7.00E+10
Em=0.7*10^11; Er=3.8*10^11; AE=Er-Em; vm=0.30; vr=0.3; Av=vr-vm; h_tot=4*10^-3; %E in Pa ; h_tot in m
b_tot=L=40*10^-3 b/h=a/h=10 γ1=-1 ; γ2=-1
Equivalent isotropic layers plate:
h3 h2 h1 h1 h2 h3 E3 E2 E1 E1 E2 E3
0 6.10E-04 4.07E-09 1.39E-03 1.39E-03 4.07E-09 6.10E-04 3.80E+11 3.80E+11 3.80E+11 3.80E+11 3.80E+11 3.80E+11
0.2 7.86E-05 8.05E-04 1.12E-03 1.12E-03 8.05E-04 7.86E-05 1.47E+11 2.94E+11 3.65E+11 3.65E+11 2.94E+11 1.47E+11
0.5 4.25E-04 1.02E-03 5.56E-04 5.56E-04 1.02E-03 4.25E-04 1.43E+11 2.80E+11 3.73E+11 3.73E+11 2.80E+11 1.43E+11
1 3.58E-04 8.17E-04 8.25E-04 8.25E-04 8.17E-04 3.58E-04 8.49E+10 1.79E+11 3.32E+11 3.32E+11 1.79E+11 8.49E+10
2 4.63E-04 8.16E-04 7.21E-04 7.21E-04 8.16E-04 4.63E-04 7.10E+10 1.18E+11 3.02E+11 3.02E+11 1.18E+11 7.10E+10
5 9.12E-04 6.56E-04 4.32E-04 4.32E-04 6.56E-04 9.12E-04 7.01E+10 9.26E+10 2.75E+11 2.75E+11 9.26E+10 7.01E+10
10 9.86E-04 6.82E-04 3.32E-04 3.32E-04 6.82E-04 9.86E-04 7.00E+10 7.27E+10 2.34E+11 2.34E+11 7.27E+10 7.00E+10
m
m
Em=0.7*10^11; Er=3.8*10^11; AE=Er-Em; vm=0.30; vr=0.3; Av=vr-vm; h_tot=4*10^-3; %E in Pa ; h_tot in m
b_tot=L=40*10^-3
Hardcore b/h=a/h=10
Equivalent isotropic layers plate:
h3 h2 h1 h1 h2 h3 E3 E2 E1 E1 E2 E3
m 0 3.70E-16 1.14E-03 8.59E-04 8.59E-04 1.14E-03 3.70E-16 3.76E+11 3.80E+11 3.80E+11 3.80E+11 3.80E+11 3.76E+11
0.2 1.76E-04 7.93E-04 1.03E-03 1.03E-03 7.93E-04 1.76E-04 2.08E+11 3.05E+11 3.67E+11 3.67E+11 3.05E+11 2.08E+11
0.5 3.05E-04 8.25E-04 8.69E-04 8.69E-04 8.25E-04 3.05E-04 1.31E+11 2.49E+11 3.54E+11 3.54E+11 2.49E+11 1.31E+11
1 4.50E-04 8.42E-04 7.09E-04 7.09E-04 8.42E-04 4.50E-04 9.03E+10 2.00E+11 3.41E+11 3.41E+11 2.00E+11 9.03E+10
2 6.91E-04 8.42E-04 4.66E-04 4.66E-04 8.42E-04 6.91E-04 7.41E+10 1.62E+11 3.41E+11 3.41E+11 1.62E+11 7.41E+10
5 1.07E-03 6.77E-04 2.51E-04 2.51E-04 6.77E-04 1.07E-03 7.02E+10 1.19E+11 3.48E+11 3.48E+11 1.19E+11 7.02E+10
10 8.02E-04 8.50E-04 3.48E-04 3.48E-04 8.50E-04 8.02E-04 7.00E+10 7.13E+10 2.29E+11 2.29E+11 7.13E+10 7.00E+10
Em=0.7*10^11; Er=3.8*10^11; AE=Er-Em; vm=0.30; vr=0.3; Av=vr-vm; h_tot=4*10^-3; %E in Pa ; h_tot in m
b_tot=L=20*10^-3
Hardcore b/h=a/h=5
Equivalent isotropic layers plate:
h3 h2 h1 h1 h2 h3 E3 E2 E1 E1 E2 E3
m 0 1.27E-08 -7.04E-07 2.00E-03 2.00E-03 -7.04E-07 1.27E-08 3.59E+11 3.80E+11 3.80E+11 3.80E+11 3.80E+11 3.59E+11
0.2 1.49E-04 7.92E-04 1.06E-03 1.06E-03 7.92E-04 1.49E-04 1.99E+11 3.02E+11 3.66E+11 3.66E+11 3.02E+11 1.99E+11
0.5 2.77E-04 8.15E-04 9.08E-04 9.08E-04 8.15E-04 2.77E-04 1.27E+11 2.43E+11 3.52E+11 3.52E+11 2.43E+11 1.27E+11
1 4.51E-04 8.42E-04 7.08E-04 7.08E-04 8.42E-04 4.51E-04 9.03E+10 2.00E+11 3.41E+11 3.41E+11 2.00E+11 9.03E+10
2 7.09E-04 8.71E-04 4.20E-04 4.20E-04 8.71E-04 7.09E-04 7.43E+10 1.67E+11 3.53E+11 3.53E+11 1.67E+11 7.43E+10
5 8.56E-04 6.84E-04 4.60E-04 4.60E-04 6.84E-04 8.56E-04 7.00E+10 8.77E+10 2.68E+11 2.68E+11 8.77E+10 7.00E+10
10 1.13E-03 5.63E-04 3.08E-04 3.08E-04 5.63E-04 1.13E-03 7.00E+10 7.57E+10 2.42E+11 2.42E+11 7.57E+10 7.00E+10
Em=0.7*10^11; Er=3.8*10^11; AE=Er-Em; vm=0.30; vr=0.3; Av=vr-vm; h_tot=4*10^-3; %E in Pa ; h_tot in m
b_tot=L=400*10^-3
Hardcore b/h=a/h=100
Equivalent isotropic layers plate:
h3 h2 h1 h1 h2 h3 E3 E2 E1 E1 E2 E3
m 0 1.08E-08 -6.00E-10 2.00E-03 2.00E-03 -6.00E-10 1.08E-08 3.79E+11 3.69E+11 3.80E+11 3.80E+11 3.69E+11 3.79E+11
0.2 2.29E-04 8.11E-04 9.60E-04 9.60E-04 8.11E-04 2.29E-04 2.20E+11 3.12E+11 3.68E+11 3.68E+11 3.12E+11 2.20E+11
0.5 2.86E-04 8.18E-04 8.96E-04 8.96E-04 8.18E-04 2.86E-04 1.29E+11 2.45E+11 3.53E+11 3.53E+11 2.45E+11 1.29E+11
1 4.55E-04 8.45E-04 7.00E-04 7.00E-04 8.45E-04 4.55E-04 9.05E+10 2.01E+11 3.41E+11 3.41E+11 2.01E+11 9.05E+10
2 6.42E-04 7.99E-04 5.58E-04 5.58E-04 7.99E-04 6.42E-04 7.36E+10 1.49E+11 3.23E+11 3.23E+11 1.49E+11 7.36E+10
5 8.14E-04 7.10E-04 4.76E-04 4.76E-04 7.10E-04 8.14E-04 7.00E+10 8.49E+10 2.65E+11 2.65E+11 8.49E+10 7.00E+10
10 1.19E-03 5.19E-04 2.92E-04 2.92E-04 5.19E-04 1.19E-03 7.00E+10 7.83E+10 2.48E+11 2.48E+11 7.83E+10 7.00E+10
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b/h=10
Table 6-10 Table 6-8 Vibration Table 6-9 Buckling γ1=-1 ; γ2=0 
m=1 n Multilayer 3D (b/h=10) Zankour TSDT Multilayer (γ1=-1,γ2=0) Zankour TSDT (γ1=-1,γ2=0)
0 1.87E-09 1.30E-01 4.87E-05 0 1.87E-09 2.41E-05
0.5 5.08E-02 1.57E-01 2.61E-02 0.5 3.79E-06 3.14E-05
1 6.48E-02 1.47E-01 2.61E-02 1 1.77E-07 7.51E-05
5 4.36E-02 1.58E-01 2.92E-02 5 1.72E-07 1.57E-04
10 2.60E-02 1.76E-01 5.48E-02 10 1.04E-06 5.42E-05
γ1=-1 ; γ2=-1 
Multilayer 3D (b/h=5) Multilayer (γ1=γ2=-1) Zankour TSDT (γ1=γ2=-1)
0 0.00E+00 4.18E-01 0 1.17E-07 5.29E-05
0.5 1.43E-06 5.89E-01 0.5 4.23E-06 1.05E-04
1 0.00E+00 6.05E-01 1 3.54E-07 1.19E-04
5 2.16E-06 3.49E-01 5 6.89E-07 2.19E-04
10 0.00E+00 3.95E-01 10 4.91E-07 3.49E-04
Multilayer 3D (b/h=100)
0 0.00E+00 1.98E-03
0.5 0.00E+00 2.17E-02
1 0.00E+00 3.62E-02
5 0.00E+00 7.31E-02
10 0.00E+00 8.33E-02
n
n
n
Em=0.7*10^11; Er=3.8*10^11; AE=Er-Em; vm=0.30; vr=0.3; Av=vr-vm; h_tot=4*10^-3; %E in Pa ; h_tot in m rhor=3800;rhom=2702; %Papers
b_tot=L=40*10^-3 b/h=a/h=10 γ1=-1 ; γ2=0 Table 6-11
BUCKLING adimensional
1 2 3 4 5 6 7 8 9 10
0 13.0050 18.8169 29.7888 42.0105 53.7797 64.3200 73.4197 81.1548 87.7146 93.3104
0.2 10.0138 14.6497 23.5488 33.7672 43.9202 53.2733 61.5383 68.6891 74.8267 80.0973
0.5 7.3644 10.8895 17.7726 25.9249 34.2979 42.2563 49.4826 55.8749 61.4547 66.3026
1 5.1671 7.7151 12.7719 18.9415 25.4899 31.9190 37.9325 43.3906 48.2574 52.5571
2 3.5563 5.3482 8.9486 13.4425 18.3383 23.2748 28.0114 32.4115 36.4157 40.0155
5 2.6582 3.9943 6.6754 10.0133 13.6393 17.2847 20.7729 24.0056 26.9417 29.5773
10 2.4873 3.7078 6.1235 9.0564 12.1525 15.1761 17.9910 20.5361 22.7989 24.7945
Em=0.7*10^11; Er=3.8*10^11; AE=Er-Em; vm=0.30; vr=0.3; Av=vr-vm; h_tot=4*10^-3; %E in Pa ; h_tot in m
b_tot=L=40*10^-3 b/h=a/h=10 γ1=-1 ; γ2=-1
BUCKLING
1 2 3 4 5 6 7 8 9 10
0 6.5025 15.0535 26.8100 39.5393 51.7113 62.5817 71.9513 79.9063 86.6449 92.3865
0.2 5.0069 11.7198 21.1939 31.7809 42.2309 51.8335 60.3075 67.6324 73.9142 79.3042
0.5 3.6822 8.7116 15.9953 24.3999 32.9788 41.1142 48.4929 55.0153 60.7053 65.6461
1 2.5836 6.1721 11.4947 17.8273 24.5095 31.0563 37.1739 42.7230 47.6689 52.0368
2 1.7782 4.2785 8.0538 12.6517 17.6330 22.6457 27.4512 31.9128 35.9716 39.6193
5 1.3291 3.1955 6.0079 9.4243 13.1147 16.8175 20.3575 23.6363 26.6132 29.2844
10 1.2436 2.9662 5.5112 8.5237 11.6851 14.7660 17.6312 20.2201 22.5209 24.5490
n
m
n
m
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VIBRATION
Em=0.7*10^11; Er=3.8*10^11; AE=Er-Em; vm=0.30; vr=0.3; Av=vr-vm; h_tot=4*10^-3; %E in Pa ; h_tot in m rhor=3800;rhom=2702; %Papers
b_tot=L=40*10^-3
Hardcore b/h=a/h=10 Table 6-12
1 2 3 4 5 6 7 8 9 10
0 1.8245 4.3529 8.1402 12.7963 18.0169 23.5956 29.4004 35.3495 41.3930 47.5012
0.2 1.6407 3.9341 7.4046 11.7162 16.5956 21.8486 27.3458 33.0034 38.7676 44.6041
0.5 1.4439 3.4789 6.5893 10.4955 14.9589 19.8028 24.9042 30.1801 35.5749 41.0513
1 1.2429 3.0078 5.7309 9.1860 13.1721 17.5335 22.1581 26.9671 31.9056 36.9357
2 1.0613 2.5769 4.9319 7.9443 11.4470 15.3068 19.4247 23.7293 28.1700 32.7104
5 0.9463 2.2967 4.3941 7.0760 10.1946 13.6324 17.3029 21.1439 25.1114 29.1738
10 0.9289 2.2465 4.2772 6.8516 9.8211 13.0720 16.5226 20.1162 23.8135 27.5872
Em=0.7*10^11; Er=3.8*10^11; AE=Er-Em; vm=0.30; vr=0.3; Av=vr-vm; h_tot=4*10^-3; %E in Pa ; h_tot in m
b_tot=L=20*10^-3
Hardcore b/h=a/h=5
1 2 3 4 5 6 7 8 9 10
0 1.6701 3.6544 6.2502 9.1159 12.1037 15.1559 18.2526 21.3899 24.5705 27.7992
0.2 1.5156 3.3535 5.7942 8.5163 11.3695 14.2890 17.2486 20.2392 23.2596 26.3118
0.5 1.3456 3.0110 5.2581 7.7931 10.4680 13.2134 15.9972 18.8055 21.6327 24.4779
1 1.1677 2.6412 4.6614 6.9685 9.4227 11.9536 14.5258 17.1212 19.7312 22.3515
2 1.0032 2.2882 4.0737 6.1358 8.3483 10.6446 12.9892 15.3630 17.7554 20.1608
5 0.8940 2.0380 3.6282 5.4677 7.4463 9.5062 11.6165 13.7607 15.9294 18.1177
10 0.8718 1.9697 3.4754 5.1987 7.0386 8.9444 10.8906 12.8642 14.8588 16.8716
Em=0.7*10^11; Er=3.8*10^11; AE=Er-Em; vm=0.30; vr=0.3; Av=vr-vm; h_tot=4*10^-3; %E in Pa ; h_tot in m
b_tot=L=400*10^-3
Hardcore b/h=a/h=100
1 2 3 4 5 6 7 8 9 10
0 1.8883 4.7181 9.4276 16.0066 24.4410 34.7128 46.8007 60.6795 76.3212 93.6946
0.2 1.6913 4.2263 8.4459 14.3421 21.9036 31.1164 41.9634 54.4248 68.4781 84.0986
0.5 1.4828 3.7054 7.4056 12.5773 19.2119 27.2986 36.8242 47.7737 60.1295 73.8727
1 1.2720 3.1789 6.3541 10.7928 16.4887 23.4338 31.6182 41.0305 51.6577 63.4853
2 1.0836 2.7081 5.4132 9.1955 14.0501 19.9709 26.9504 34.9798 44.0493 54.1477
5 0.9663 2.4150 4.8274 8.2004 12.5295 17.8092 24.0328 31.1923 39.2789 48.2825
10 0.9512 2.3771 4.7513 8.0703 12.3291 17.5216 23.6402 30.6763 38.6198 47.4598
n
m
n
m
n
m
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APPENDIX C 
Stiffness matrices for the “FG plate” and “FG sandwich plate directly 
symmetrical” following the series solution based on Dung and Hoa (2012)  
The stiffness matrices are by definition:  
A>y, B>y, D>y, E>y, F>y, H>y#  $ E%z'	Q>y%z'	%1, z, z), z*, z+, z,'dz				%i, j  	1, 2, 6'
B )⁄
3B )⁄
 
Where: 
Q55%z'  Q))%z'  11 − ν)%z' ; 	Q5)%z'  Q)5%z'  ν%z'1 − ν)%z' 
Q++%z'  Q::%z'  Q,,%z'  G  12%1 + ν%z''  Q55%z' < Q5)%z'2  
If we define the Young Modulus E(z) and the Poisson ratio v%z' (that are changing 
gradually through the thickness) following the Voight’s rule of mixtures, we will have: 
E%z'  ER ; %ES < ER' · V%z'  ER ; ∆E · V%z' 
ν%z'  νR ; %νS < νR' · V%z'  νR ; ∆ν · V%z' 
Where the subscripts “r” and “m" denote the reinforcement and matrix material 
properties respectively, and ‘V(z)’ is the Volume fraction following the Power law 
distribution. 
- For a FG plate: 
J%&'  K12 + &ℎL
M 	%N ≥ 0' 
With the variable change: 
  K12 + &ℎL 																			&  ℎ · K − 12L 																			-&  ℎ · - 
- For a symmetric FG sandwich plate: 
V%z'  K2zh + 1L
E 	for	z ∈ a−h2 ,0b 
V%z'  K<2zh + 1L
E 	for	z ∈ a0, h2b 
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With the variable change: 
ζ  K2zh + 1L 							z  h2 · %1 − ζ'									dz  −h2dζ											for	z ∈ a−h2 ,0b 
ζ  K<2zh + 1L 												z  h2 · %ζ − 1'																dz  h2dζ												for	z ∈ a0,h2b 
The series solution evaluate the integrals in the form (Kennedy et al. 2014): 
Int  $ C · ζ1 − %vR + ∆vζE')
5
?
dζ  C2 · cS%k + rn + 1'

S?
 
Where: 
cS  K 1%1 − vR'S5 + %−1'
S
%1 + vR'S5L ∆vS 
Applying the series solution to the stiffness matrices, we find the following expressions:  
 
The differences that appear in the series solution for the “FG sandwich plate directly 
symmetrical” against the original series solution for the “FG plate”, have been written 
on the right of the original number, and have been highlighted in bold and green. 
Furthermore, note that the matrices B and E will be null in the “Directly symmetrical FG 
sandwich plate” case and consequently, only the serial solution for the “FG plate” has 
been written in this case. 
A55  A))  $ E%z'1 − v%z')
B)
3B)
dz  h · $ ER ; ∆E · ζE1 − %vR + ∆v · ζE')
5
?
dζ  
 h2 · ER%r · n + 1' + ∆E%n + r · n + 1'

S?
· cS 
 
 5)   )5  $ %&' · %&'1 − %&')
1)
31)
-&  ℎ · $ %H + ∆ · M' · %H + ∆ · M'1 − %H + ∆ · M')
5
?
-  
 ℎ2	 ·  H · H% · N + 1' + H · ∆%% + 1' · N + 1' + ∆ · H%N +  · N + 1' + ∆ · ∆%N + % + 1' · N + 1' · I

I?
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31)
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5
?
-  
 ℎ)2 ·
 H · K 1% · N + 2' − 12 · % · N + 1'L +
∆ · K 1%N +  · N + 2' − 12 · %N +  · N + 1'L
 · II?  
 
!5)  !)5  $ %&' · %&'1 − %&')
1)
31)
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	∆ · H · K 1%N +  · N + 2' − 12 · %N +  · N + 1'L +
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

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APPENDIX D 
D.1. Non-dimensional stiffness matrices of a N-isotropic layers plate 
For example, in the case of the 4 isotropic layers plate: 
 
 
                                         
Matrices A=  ∗ ∗(∗ Q&∗ − &35∗ T

5
 
                                                  
so: 
5(5ℎ5 )()ℎ) *(*ℎ* +(+ℎ+ 
 
                                         
Matrices B= !∗  12∗(∗ &∗8 − &35∗8 #

5
 
                                                  
so: 
125(5%ℎ5£5' 12)()%ℎ)£)' 12*(*%ℎ*£*' 12+(+%−ℎ+£+' 
 
                                         
Matrices D= "∗  13∗(∗ &∗¤ − &35∗¤ #

5
 
                                                  
so: 
135(5 ¥ℎ54 %ℎ5) ; 3£5)'¦ 13)() ¥ℎ)4 %ℎ)) ; 3£))'¦ 13*(* ¥ℎ*4 %ℎ*) ; 3£*)'¦ 13+(+ ¥ℎ+4 %ℎ+) ; 3£+)'¦ 
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Matrices E= ∗  14∗(∗ &∗§ − &35∗§ #

5
 
                                                  
so: 
145(5 ¥ℎ52 %ℎ5)£5 +£5*'¦ 14)() ¥ℎ)2 %ℎ))£) +£)*'¦ 14*(* ¥ℎ*2 %ℎ*)£* +£**'¦ 14+(+ ¥−ℎ+2 %ℎ+)£+ +£+*'¦ 
      
                                         
Matrices F= ∗  15∗(∗ &∗¨ − &35∗¨ #

5
 
                                                  
so: 
155(5 ¥ℎ516 %ℎ5+ + 10ℎ5)£5) + 5£5+'¦ 15)() ¥ℎ)16 %ℎ)+ + 10ℎ))£)) + 5£)+'¦ 15*(* ¥ℎ*16 %ℎ*+ + 10ℎ*)£*) + 5£*+'¦ 15+(+ ¥ℎ+16 %ℎ++ + 10ℎ+)£+) + 5£++'¦ 
  
                                      
Matrices H= ∗ = 17∗(∗ &∗© − &35∗© #

5  
                                                  
so: 
175(5 ¥ℎ564 %ℎ5, + 21ℎ5+£5) + 35ℎ5)£5+
+ 7£5,'¦ 
17)() ¥ℎ)64 %ℎ), + 21ℎ)+£5) + 35ℎ))£5+
+ 7£),'¦		 
17*(* ¥ℎ*64 %ℎ*, + 21ℎ*+£*) + 35ℎ*)£*+
+ 7£*,'¦ 
17+(+ ¥ℎ+64 %ℎ+, + 21ℎ++£+) + 35ℎ+)£++
+ 7£+,'¦ 
   
Where: 
 £+ = ℎ* + ℎ) + ℎ5 ; £* = ℎ+ − ℎ) − ℎ5 ; £) = ℎ+ + ℎ* − ℎ5 ;  £5 = ℎ+ + ℎ* + ℎ) 
( = 11 − )  
Writing the thickness and the Young modulus in non-dimensional form: ℎ5 = ª5ℎ  ;  ℎ) = ª)ℎ ;  ℎ* = ª*ℎ ;  ℎ+ = ª+ℎ 5 = U5I ;  ) = U)I ;  * = U*I;  + = U+I 
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D.2. System of non-lineal equations written in Non-dimensional form 
The stiffness matrices of a N-isotropic layers plate (calculated in Appendix D.1.), will 
be exactly equivalent to the stiffness matrices of a FG Plate (calculated in Appendix 
C) if:   ∗  
Consequently, the non-linear system of equations for the 4 isotropic layers plate 
(Poisson ratio () variable) is: 
F1) «+ + «* + «) + «5 −  55Iℎ 
F2) +«+ + *«* + )«) + 5«5 −  5)Iℎ 
F3) −«+£+ + «*£* + «)£) + «5£5 − 2!55Iℎ) 
F4) −+«+£+ + *«*£* + )«)£) + 5«5£5 − 2!5)Iℎ) 
F5) «+%ª+) + 3£+)' ; «*%ª*) ; 3£*)' ; «)%ª)) ; 3£))' ; «5%ª5) ; 3£5)' < 12"55Iℎ*  
F6) 
+«+%ª+) + 3£+)' ; *«*%ª*) ; 3£*)' ; )«)%ª)) ; 3£))' ; 5«5%ª5) ; 3£5)'
< 12"5)Iℎ*  
F7) 
−«+%ª+)£+ +£+*' + «*%ª*)£* +£**' + «)%ª))£) +£)*' + «5%ª5)£5 +£5*'
− 855Iℎ+ 
F8) 
<+«+%ª+)£+ ;£+*' ; *«*%ª*)£* ;£**' ; )«)%ª))£) ;£)*'
; 5«5%ª5)£5 ;£5*' < 85)Iℎ+ 
F9) 
«+%ª++ ; 10ª+)£+) + 5£++' + «*%ª*+ + 10ª*)£*) + 5£*+'+ «)%ª)+ + 10ª))£)) + 5£)+' + «5%ª5+ + 10ª5)£5) + 5£5+'
− 8055Iℎ:  
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F10) 
+«+%ª++ ; 10ª+)£+) + 5£++' + *«*%ª*+ + 10ª*)£*) + 5£*+'+ )«)%ª)+ + 10ª))£)) + 5£)+' + 5«5%ª5+ + 10ª5)£5) + 5£5+'
− 805)Iℎ:  
F11) 
«+%ª+, + 21ª++£+) + 35ª+)£++ + 7£+,' + «*%ª*, + 21ª*+£*) + 35ª*)£*+ + 7£*,'+ «)%ª), + 21ª)+£)) + 35ª))£)+ + 7£),'
+ «5%ª5, + 21ª5+£5) + 35ª5)£5+ + 7£5,' − 44855Iℎ¡  
F12) 
+«+%ª+, + 21ª++£+) + 35ª+)£++ + 7£+,'+ *«*%ª*, + 21ª*+£*) + 35ª*)£*+ + 7£*,'+ )«)%ª), + 21ª)+£)) + 35ª))£)+ + 7£),'
+ 5«5%ª5, + 21ª5+£5) + 35ª5)£5+ + 7£5,' − 4485)Iℎ¡  
Where: £+ = ª* + ª) + ª5 ; £* = ª+ − ª) − ª5 ; £) = ª+ + ª* − ª5 ;  £5 = ª+ + ª* + ª) 
  «+ = ¬§­§53®§8  ;    «* = ¬¤­¤53®¤8  ;     «) = ¬8­853®88  ;   «5 = ¬¯­¯53®8¯    ℎ = ℎ5 + ℎ) + ℎ* + ℎ+ 
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In a similar way, the non-linear system of equations for the 3 isotropic layers plate 
(Poisson ratio () constant) is: 
 
 
F1) «* ; «) ; «5 <  55Iℎ 
F2) <«*£* ;«)£) ; «5£5 < 2!55Iℎ) 
F3) «*%ª*) ; 3£*)' ; «)%ª)) ; 3£))' ; «5%ª5) ; 3£5)' < 12"55Iℎ*  
F4) −«*%ª*)£* +£**' + «)%ª))£) +£)*' + «5%ª5)£5 +£5*' − 855Iℎ+ 
F5) 
«*%ª*+ ; 10ª*)£*) + 5£*+' + «)%ª)+ + 10ª))£)) + 5£)+'
+ «5%ª5+ + 10ª5)£5) + 5£5+' − 8055Iℎ:  
F6) 
«*%ª*, + 21ª*+£*) + 35ª*)£*+ + 7£*,' + «)%ª), + 21ª)+£)) + 35ª))£)+ + 7£),'
+ «5%ª5, + 21ª5+£5) + 35ª5)£5+ + 7£5,' − 44855Iℎ¡  
 
Where:     £* = ª) + ª5 ;   £) = ª* − ª5 ;   £5 = ª* + ª) «* = ¬¤­¤53®8   ;    «) = ¬8­853®8   ;   «5 = ¬¯­¯53®8  ℎ = ℎ5 + ℎ) + ℎ* 
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In the cases of the Directly symmetrical sandwich plate: 
Note that in the new methodology, the first top and bottom layer (closer to the metal 
rich surface) will be the number 1. This is different from the nomenclature in the 
previous Two steps methodology, and is due to the z should be defined downwards, 
following the same way that it was defined in the VICONOPT, MATLAB code and 
series solution. 
The non-linear system of equations for the 6 isotropic layers plate (Poisson ratio () 
variable) is: 
 
F1) «5 ; «) ; «* ; «* ; «) ;«5 <  55Iℎ 
F2) 5«5 ; )«) ; *«* ; *«* ; )«) ; 5«5 <  5)Iℎ 
F3) 
«5%ª5) ; 3£5)' ; «)%ª)) ; 3£))' ; «*%ª*) ; 3£*)' ; «*%ª*) ; 3£+)'
; «)ª)) ; 3£:)# ; «5%ª5) ; 3£,)' < 12"55Iℎ*  
F4) 
5«5%ª5) + 3£5)' ; )«)%ª)) ; 3£))' ; *«*%ª*) ; 3£*)' ; *«*%ª*) ; 3£+)'
; )«)ª)) ; 3£:)# ; 5«5%ª5) ; 3£,)' < 12"5)Iℎ*  
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F5) 
«5%ª5+ ; 10ª5)£5) + 5£5+' + «)%ª)+ + 10ª))£)) + 5£)+'+ «*%ª*+ + 10ª*)£*) + 5£*+' + «*%ª*+ + 10ª*)£+) + 5£++'+ «)ª)+ + 10ª))£:) + 5£:+# + «5%ª5+ + 10ª5)£,) + 5£,+'
− 8055Iℎ:  
F6) 
5«5%ª5+ + 10ª5)£5) + 5£5+' + )«)%ª)+ + 10ª))£)) + 5£)+'+ *«*%ª*+ + 10ª*)£*) + 5£*+' + *«*%ª*+ + 10ª*)£+) + 5£++'+ )«)ª)+ + 10ª))£:) + 5£:+# + 5«5%ª5+ + 10ª5)£,) + 5£,+'
− 805)Iℎ:  
F7) 
«5%ª5, + 21ª5+£5) + 35ª5)£5+ + 7£5,' + «)%ª), + 21ª)+£)) + 35ª))£)+ + 7£),'+ «*%ª*, + 21ª*+£*) + 35ª*)£*+ + 7£*,'+ «*%ª*, + 21ª*+£+) + 35ª*)£++ + 7£+,'+ «)ª), + 21ª)+£:) + 35ª))£:+ + 7£:,#
+ «5%ª5, + 21ª5+£,) + 35ª5)£,+ + 7£,,' − 44855Iℎ¡  
F8) 
5«5%ª5, + 21ª5+£5) + 35ª5)£5+ + 7£5,'+ )«)%ª), + 21ª)+£)) + 35ª))£)+ + 7£),'+ *«*%ª*, + 21ª*+£*) + 35ª*)£*+ + 7£*,'+ *«*%ª*, + 21ª*+£+) + 35ª*)£++ + 7£+,'+ )«)ª), + 21ª)+£:) + 35ª))£:+ + 7£:,#
+ 5«5%ª5, + 21ª5+£,) + 35ª5)£,+ + 7£,,' − 4485)Iℎ¡  
F9) ª* + ª) + ª5 + ª5 + ª) + ª* − 1 
 
Where: 					£5 = ª5 + ª) + ª* + ª* + ª) ;     £) = ª5 + ª) + ª* + ª* − ª5 ;   £* = ª5 + ª) +ª* − ª) − ª5 ; 	£+ = ª5 + ª) − ª* − ª) − ª5 ; £: = ª5 − ª* − ª* − ª) − ª5 ;   £, = ª5 + ª) + ª* + ª* + ª) «* = ¬¤­¤53®¤8  ;     «) = ¬8­853®88  ;   «5 = ¬¯­¯53®8¯ ℎ = ℎ5 + ℎ) + ℎ* + ℎ* + ℎ) + ℎ5 
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In a similar way, the non-linear system of equations for the 6 isotropic layers plate 
(Poisson ratio () constant) is: 
 
F1) «5 ; «) ; «* ; «* ; «) ;«5 <  55Iℎ 
F2) «5£5 ;«)£) ; «*£* ; «*£+ ; «)£: < «5£, < 2!55Iℎ) 
F3) 
«5%ª5) ; 3£5)' ; «)%ª)) ; 3£))' ; «*%ª*) ; 3£*)' ; «*%ª*) ; 3£+)'
; «)ª)) ; 3£:)# ; «5%ª5) ; 3£,)' < 12"55Iℎ*  
F4) 
«5%ª5+ + 10ª5)£5) + 5£5+' + «)%ª)+ + 10ª))£)) + 5£)+'+ «*%ª*+ + 10ª*)£*) + 5£*+' + «*%ª*+ + 10ª*)£+) + 5£++'+ «)ª)+ + 10ª))£:) + 5£:+# + «5%ª5+ + 10ª5)£,) + 5£,+'
− 8055Iℎ:  
F5) ª* + ª) + ª5 + ª5 + ª) + ª* − 1 
F6) 
«5%ª5, + 21ª5+£5) + 35ª5)£5+ + 7£5,' + «)%ª), + 21ª)+£)) + 35ª))£)+ + 7£),'+ «*%ª*, + 21ª*+£*) + 35ª*)£*+ + 7£*,'+ «*%ª*, + 21ª*+£+) + 35ª*)£++ + 7£+,'+ «)ª), + 21ª)+£:) + 35ª))£:+ + 7£:,#
+ «5%ª5, + 21ª5+£,) + 35ª5)£,+ + 7£,,' − 44855Iℎ¡  
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Where: 					£5  ª5 ; ª) ; ª* ; ª* ; ª) ;     £)  ª5 ; ª) ; ª* ; ª* < ª5 ;   £*  ª5 ; ª) ;ª* < ª) < ª5 ; 	£+  ª5 ; ª) < ª* < ª) < ª5 ; £:  ª5 < ª* < ª* < ª) < ª5 ;   £,  ª5 ; ª) ; ª* ; ª* ; ª) «*  ¬¤­¤53®8   ;    «)  ¬8­853®8   ;   «5  ¬¯­¯53®8  
ℎ  ℎ5 ; ℎ) ; ℎ* ; ℎ* ; ℎ) ; ℎ5 
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APPENDIX E 
Engineering Case of Study 
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1 SECTION 1. INTRODUCTION 
In the modern engineering history, some of the greatest advances have been produced 
in materials. Based on raw organic and inorganic materials, new compounds have been 
developed in order to enhance the properties of the original single materials following the 
hierarchy showed in Fig.1-1 (Jha et al. 2013). 
 
Figure 1-1. Modern material hierarchy scheme. Figure reproduced from Jha et al. (2013) 
At the top of the scheme, we find the functionally graded materials (FGM), a new 
evolution of the composites.  
The concept of FGM was originated in the 80’s by some researchers in Japan. A typical 
FGM is a heterogeneous compound made from different discrete two or more materials 
phases, for instance a ceramic and a metal, which vary gradually. The separate materials 
have complementary properties that lead to an improved mixture: 
- The metallic constituent provides mechanical properties such as strength. 
However, its thermal resistance decreases in high temperature environments. 
- The ceramic constituent has excellent thermal properties, but low toughness. 
An example of this material is illustrated in Fig 1-2, where numerous particles are 
embedded in an isotropic matrix.  
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Figure 1-2. Representations of a ceramic-metal FGM in different views. Figure reproduced from 
Jha et al. (2013) 
 
The traditional composites are built by means of direct bonding of metal and ceramic 
layers. This process of fabrication can produce delamination in the interface and cracking 
due to the high inter-laminar stress concentration generated by the non-gradual transition 
between the different materials, fatigue loads and manufacturing defects (Jha et al. 
2013). 
The advantage of FGMs in the metal/ceramic bonding is that there exists a smooth 
transition phase with gradual composition of the material constituents, where the material 
properties change gradually and continually from one face to other, eliminating the 
interface problems and diminishing the stress concentration (Jha et al. 2013). 
These materials were initially designed as a thermal barrier in aerospace structures in 
Japan. Nowadays, they have been developed for a general use in structural compounds 
under high temperatures and have several potential applications in situations with 
extreme conditions (Jha et al. 2013). The Fig 1-3 shows some fields were the FGM have 
applications. 
Buckling and vibration of functionally graded materials including TSDT 
Torro Torro, Moises   4 
 
 
Figure 1-3. Several fields with FGMs application. Figure adapted from Miyamoto et al. (1999), Jha et 
al. (2013) and Bohidar et al. (2014). 
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2 SECTION 2. LITERATURE REVIEW 
2.1 Manufacture of the FGMs 
Several manufacturing processes can be used in order to obtain FGMs (Fig 2-1). 
Basically, these methods are classified in constructive processes and in transport based 
processes. The former (constitutive processes) build the gradation of the structure layer 
by layer whereas the latter (homogenize and segregate processes) build the gradation 
by means of material transport (Bohidar et al. 2014). 
On the other hand, some of the techniques successfully used for testing FGM are optical 
mapping, electron microscopy, X-ray diffraction, acoustic and ultrasonic measurements 
(Birman and Byrd 2007). 
 
 
Figure 2-1. FGMs manufacturing processes. Figure reproduced from Suresh and Mortensen 
(1995) 
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2.2 Homogenization of FGMs 
On the basis of the numerous manufacture methods, the FGM will have a particular 
internal structure and thus, a distinct microstructure. Figure 2-2 shows two possible 
microstructures: A skeletal pattern and a particulate pattern. 
 
Figure 2-2. Two FGMs microstructure a) skeletal pattern and b) particulate pattern. Figure 
reproduced from Vel and Batra (2002) 
 
These patterns can be very heterogeneous and consequently, it will be useful to carry 
out a homogenization of the components in order to model the FGM (Jha et al. 2013). 
The Fig. 1-2 illustrates a two-phase metal-ceramic material with a continuously and 
smoothly graded particulate microstructure. In this case, the shape of the particles are 
squares or quasi-squares, but usually this information, together with size and distribution 
of the particles, are not observable or measurable, and consequently, the FGM effective 
material properties should be homogenized by means of the volume fractions of the 
phases and the estimated shape of the inclusions (Vel 2010). FGM effective material 
properties P(z) include, as functions of the through thickness location z: Young’s modulus 
(E), Shear modulus (G), Poisson’s ratio (), material density (ρ), thermal expansion 
coefficient (α), thermal conductivity (κ), etc. However, it is remarkable that the majority of 
the FGM studies rigorously summarised by Swaminathan et al. (2015) are conducted 
assuming constant Poisson’s ratio (). 
There are several homogenization approaches in the literature, from Voight’s rule of 
mixtures (Gibson et al., 1995), that is the simplest technique, to other micromechanical 
models such as the Mori Tanaka scheme (Mori and Tanaka, 1973) and the self-consistent 
scheme (Hill, 1965), that are more sophisticated because they account for the interaction 
between the neighbouring particles (Birman and Bird 2007). Finally, the computational 
methods can be used in order to model FGMs in full detail (Vel 2010). 
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2.2.1 Voight’s rule of mixtures 
The Voight’s rule of mixtures is very useful for obtaining the average effective material 
properties (P(z)) (Shen and Wang 2015), and is the most used in stress analysis of FGM 
(Jha et al. 2013). It is expressed by Eq. 2-1: 
 =  ·  +  ·  =  +  −  ( 2-1 ) 
Where: ‘Pr’ and ‘Pm’ are the reinforcement and matrix material properties respectively; 
and ‘V(z)’ is the Volume fraction following the Power law distribution (Eq. 2-2). P(z) are 
changing gradually through the thickness (z coordinate) (Fig. 2-3). 
 = 12 + ℎ 	 ≥ 0 ( 2-2 ) 
Where: ‘h’ is the total thickness of the structure; ‘n’ is the Volume fraction index.  
2.2.2 The exponential law 
It is the most used in the fracture mechanics studies (Jha et al. 2013): 
 =  · ̅,													̅ =   		 ! ,								" = #  ( 2-3 ) 
Where: ‘̅’ is the exponential function; and ‘k’ is the material grading index. P(z) are 
changing exponentially through the thickness (z coordinate) (Fig. 2-3). 
 
  
a)      b) 
Figure 2-3. Comparison of several homogenization schemes of a FGM plate. Young modulus 
across the thickness E(z) with different volume fractions following a) Exponential law b) Power 
law in Voight’s rule of mixtures (solid line) and Mori-Tanaka scheme (dash line). 
Material characteristics: E% = 300	GPa (top); E* = 100	GPa (bottom). 
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2.2.3 Mori Tanaka scheme 
This model is especially valid for FGMs that have a reinforcement consisting of 
discontinuous inclusions with a particulate microstructure shape embedded in a 
continuous matrix (Fig. 2-2b) (Birman and Bird 2007). In the case that the particles have 
a spherical shape (Jha et al. 2013), the material properties can be expressed as (Shen 
and Wang 2015): 
+ = + + + − + 1 +  + − ++ + 4 3 -
 ( 2-4 ) 
- = - + - − - 1 + 1 −  - − -- +   
( 2-5 ) 
. = . + . − . = 1 + 1 −  . − .3.  ( 2-6 ) 
/ = / + / − / =
1+ − 1+1+ − 1+  
( 2-7 ) 
where all the subscripts r and m refer to the reinforcement and matrix material 
respectively; ‘V(z)’ is the Volume fraction following the Power law distribution; 
V*z = 1 − 				; 							 = -39+ + 8-663+ + 2-6  
 Kz is the bulk modulus and - is the Shear modulus:  
Kz = Ez31 − 2ν				 ; 				Gz = Ez21 + ν ( 2-8 ) 
Assuming constant Poisson’s ratio (), and rewriting (Fig. 2-3):  
: = : + : − : 1 +  ;:: − 1< 1 + 3 − 3 
( 2-9 ) 
2.2.4 Self-consistent scheme: 
This model gives better results for FGMs with a skeletal microstructure (Fig. 2-2a) and a 
broad transition phase (Fig. 1-2) (Birman and Bird 2007). The material properties are (1 
and 2 refers interchangeably to the reinforcement and matrix material) (Vel 2010): 
=+ = + − + + + − +			 ; 				 >- = - − - + - − - ( 2-10 ) 
Where        = = 3 − 5> = @ ;@ AB  C < 
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Rewriting the Eq. 2-10:  
+ = 1	+ + 4- 3 +
	+ + 4- 3
− 4- 3  ( 2-11 ) 
And the shear modulus (G(z)) is obtained numerically from Eq. 2-12: ++ + 4- 3 +
++ + 4- 3 + 5 
-- − - + -- − - + 2 = 0 ( 2-12 ) 
Rearranging Eq.2-8 :  
: = 9+-3+ + -			 ; 				 = 3+ − 2-2D3+ + -E ( 2-13 ) 
/ can be obtained using K from Eq. 2-11 in Eq. 2-7; and . : . − .. + 2. + . − .. + 2. = 0 ( 2-14 ) 
 
2.3 FGMs Plate Theories. 
Swaminathan et al. (2015) made an updated review of the several papers that have 
studied stress, vibration and buckling phenomena in FGM plates and sandwich plates, 
differentiating between analytical (3D and 2D elasticity/plates theories) and numerical 
methods (FEM and Meshless methods), and the type of load applied (mechanical and 
thermo-mechanical). In the basis of all the methods are three separate theories that are 
able to analyse the behaviour of the FGM plates: The Classical Plate Theory (CPT), the 
First-order shear deformation theory (FSDT), and the Higher-order shear deformation 
theory (HSDT) (mainly the Third-order shear deformation theory (TSDT)).  
The CPT is the simplest theory, and is based on the Kirchhoff plate theory for thin plates. 
On the other hand, the SDTs are based on the Reissner-Mindlin plate theory, which is 
valid for thick plates. The main difference in the assumptions between the theories is that 
in the Kirchhoff plate theory, the lines that are perpendicular to the mid-surface of the 
plate before deformation remain straight and orthogonal to the middle plane after 
deformation. However, in the Reissner-Mindlin plate theory, the straight lines after 
deformation are not necessarily perpendicular to the mid-surface (Reddy 2004). 
Due to the above assumption, the CPT considers negligible the transverse shear and 
transverse normal stresses, whereas the SDTs take into account the transverse shear 
strains in different ways:  
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• The FSDT considers constant transverse shear strains through the thickness (z 
coordinate) (linear, see Fig 2-4) and requires “Shear correction factors” in order 
to adapt the transverse shear forces. Thus, the calculations are simple, but the 
“Shear correction factors” are not easily to deduce because they depend on 
geometric, boundary and loading conditions (Reddy 2004). 
 
Figure 2-4. Deformation of the lines that are perpendicular to the mid-surface of the plate 
following the three theories: CPT, FSDT and HSDT. Figure reproduced from Reddy (2004). 
 
• The HSDTs do not need the “Shear correction factors” because they consider a 
higher-order polynomial transverse shear strains representation along the 
thickness (z coordinate) (Fig 2-4). In the particular case of the TSDT, this variation 
is quadratic. These theories are more accurate than the FSDT with a higher 
computational cost (Reddy 2004). 
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Table 2-1 shows the displacement field for each theory. When F = 0, the displacement 
field of the TSDT is equal to the FSDT (Reddy 2004).  
CPT FSDT 
u	x, y, z = uJx, y − z ∂wJx, y∂x  ( 2-15) u	x, y, z = uJx, y + zϕNx, y ( 2-16) 
v	x, y, z = vJx, y − z ∂wJx, y∂y  ( 2-17) v	x, y, z = vJx, y + zϕPx, y ( 2-18) 
wx, y, z = wJx, y (2-19) wx, y, z = wJx, y (2-19) 
TSDT 
u	x, y, z = uJx, y + zϕNx, y + czC ϕNx, y + ∂wJx, y∂x 						F = − 43ℎ ( 2-19) 
v	x, y, z = vJx, y + zϕPx, y + czC RϕPx, y + ∂wJx, y∂y S				F = − 43ℎ ( 2-20) 
wx, y, z = wJx, y (2-19) 
Table 2-1. Displacement field for the CPT, FSDT and TSDT FGM plates theories. 
 
The ratios of width/thickness (a/h) of the plate where we can accept as valid each plate 
theory are expressed in Table 2-2 (Kim 2005). 
 Plate theory 
Width/ Thickness (a/h) CPT FSDT TSDT 
> 20 (thin plates) Valid Valid Valid 
≤  20 (thick plates)  Valid Valid 
≤  5 (very thick plates)   Valid 
Table 2-2. Ratio a/h with the validity of the different plate theories (Kim 2005). 
 
Assuming that Young’s modulus (E), Shear modulus (G), Poisson’s ratio (), material 
density (ρ), thermal expansion coefficient (α) and thermal conductivity (κ) vary along the 
plate thickness, FGMs can be considered as a transversely isotropic material 
(inhomogeneous along the thickness (z coordinate)), and consequently the constitutive 
equations (stress-strain relationships) are shown in Eq. 2-22 and 2-23 (Reddy 2000). 
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TUV
UWXNXPYPZYNZYNP[U\
U] = : _^__`
aa000
aa000
00aAA00
000abb0
0000accde
ee
f
g
hi
TUV
UW jNjPkPZkNZkNP[U\
U]−
TUV
UW11000[U\
U]/∆m
n
op ( 2-21) 
where: 
a11 = a22 = 11 − 2						 ; 					a12 = a21 = 1 − 2 
a44 = a55 = a66 = - = 121 +  = a11 − a122  
                                                    
( 2-22 ) 
∆Tz is the temperature increment from a stress-free state, that can be assumed to exist 
at temperature TJ= 0º C, so  ∆Tz = Tz − TJ (Reddy 2000). 
 
And the constitutive relations for each theory are shown in Tables 2-3, 2-4 and 2-5, where 
the physical meaning of the stiffness matrices are: rst: Extensional stiffness; ust: Extensional-bending coupling stiffness;  
      vst: Bending stiffness, :st , wst , xst: Higher-order stiffness 
Note that in the case of Poisson’s ratio () constant, the independent terms are reduced 
by half because (Eq. 2-23): a = a. Furthermore, no additional terms are involved in 
the FSDT theory, because the terms rAA = rbb = +rcc, and rAb = 0. 
CPT Stresses                    Strains       Thermal Strains 
Membrane (In-plane forces) 
Bending and twisting moments yz{|z}|~ = 3r6 3u63u6 3v6 yzjJ|z+|~ 					−					 yz{!|z}!|~ ( 2-23 ) 
Stiffness matrices  
Drst , ust , vstE =  :	ast	1, , 					i, j = 	1, 2, 6! 
⁄
! ⁄  
Independent terms (Eq. 2-23): r, u, v, r, u, v 
( 2-24 ) 
Thermal matrices (i, j= 1, 2) 
D{! ,}!E = 31 1 06  :	ast	/	∆m	1, ! 
⁄
! ⁄  
( 2-25 ) 
Table 2-3. Constitutive relations for classical plate theory (CPT) in a FGM plate 
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FSDT Stresses                               Strains    Thermal Strains 
Membrane (In-plane forces) 
Bending and twisting mom. 
Transverse shear forces 
z{|z}|za| = 
3r6 3u6 03u6 3v6 00 0 +3r6 
zjJ|zj|zkJ| − 
z{!|z}!|z0|  ( 2-26 ) 
Stiffness matrices  
Drst, ust , vstE =  :	ast	1, , ! 
⁄
! ⁄ 	i, j = 	1, 2, 6 
rst =	  :	ast						i, j = 	4, 5
! ⁄
! ⁄  
K = Shear correction factor  
Independent terms (Eq. 2-23): r, u, v, r, u, v 
( 2-27 ) 
Thermal matrices (i, j= 1, 2) 
D{! ,}!E = 31 1 06  :	ast	/	∆m	1, ! 
⁄
! ⁄  
              
( 2-28 ) 
Table 2-4. Constitutive relations for FSDT in a FGM plate 
 
 
TSDT Stresses                            Strains    Thermal Strains 
Membrane (In-plane forces) 
Bending and twisting moments 
Higher order bending moment 
Transverse shear forces 
Higher order transverse shear 
z{|z}|z| = 
3r6 3u6 3:63u6 3v6 3w63:6 3w6 3x6 
zjJ|zj|zjC| − 
z{!|z}!|z!| 
yza|z|~ = 3r6 3v63v6 3w6 yzk0|zk2|~ 
( 2-29 ) 
Stiffness matrices  
Drst , ust , vst, :st , wst , xstE =  :	ast	1, , , C, A, c		i, j = 	1, 2, 6! 
⁄
! ⁄  
Drst , vst, wstE =  :	ast	1, , A						i, j = 	4, 5! 
⁄
! ⁄  
Independent terms (Eq.2-23): r, u, v,	:, w, H, r, u, v, :, w, H 
( 2-30 )  
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Thermal matrices (i, j= 1, 2) 
D{!,}! , !E = 31 1 06  :	ast	/	∆m	1, , C! ⁄! ⁄  ( 2-31 ) 
Table 2-5. Constitutive relations for TSDT in a FGM plate 
The problem of FGM plates with a gradation of their elastic properties in the thickness 
direction, is that they are inhomogeneous, and consequently there exists a coupling    
(B ≠ 0) between the in-plane extensional forces and the bending deformations.  
 
2.4 Coupling between extensional and bending forces in FGMs 
Abrate (2006 and 2008) looked forward to a relation between the behaviour of the 
homogeneous plates (with hundreds of cases analysed and results published in the 
literature) and the inhomogeneus FGM plates in order to predict the results of the latter 
using the available information of the former, and thus, avoid the necessity of conducting 
a new direct analysis for the FGM plates.  
He discussed that the natural frequencies and the deflections of the FGM plates were 
proportional to the homogeneous plate ones (FGM plates with a volume fraction index ‘n’ 
of the reinforcement according to the power law distribution equal to 0 or ∞), even when 
the non-linear vibration cases were analysed and whatever support boundary conditions 
(a cantilevered plate (CFFF), a simply supported plate (SSSS) and a fully clamped plate 
(CCCC) were considered) (Abrate 2006). In order to predict the proportionality constants 
(scaling factors) in all the possible cases, Abrate (2006 and 2008) used a new coordinate 
system z = z∗ + δ∗ with an offset δ∗ as a reference plane (instead of using the geometric 
mid-surface of the plate), that ensured the condition B = 0. He found that selecting the 
distance δ∗ = B A⁄  in a FGM Plate with constant Poisson’s ratio (ν), the system 
becomes uncoupled, 3B∗6 = 3B6 − δ∗3A6 = 0, and the new bending rigidity is given by 3D∗6 = 3D6 − 2δ∗3B6 + δ∗3A6 (Abrate 2006) or its equivalent D∗ = D − B A⁄  (Abrate 
2008). In these conditions, the proportionality constant was found to be D∗ m⁄ , with m =  ρzdz ⁄ ⁄ . Furthermore, this theory it was confirmed as valid not only for CPT, but 
also for FSDT and TSDT (Abrate 2008). 
Later, Efraim (2011) stated an approximate formula to find the correlation between the 
natural frequencies of a FG plate with the frequencies from a homogenous plate, even 
when the Poisson’s ratio (ν) in the FG plate is not constant. In this case, it is necessary 
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calculate the natural frequency in each material for separate and the equation considers 
the volume factor as a weight factor:    B¡¢££¤¥ = ¦§¨© § ©¨  +¦§ª© § ©ª  
A lot of authors have applied the strategy of uncoupled the deformations using a new 
coordinate system with a neutral plane different from the geometric middle surface, such 
as Morimoto et al. (2006), Zhang and Zhou (2008), Zhang (2014), Prakash et al. (2009), 
Fekrar et al. (2014) and Ke et al. (2014). However, all of them kept constant the total 
thickness ‘h’ of the plate. Kennedy and Cheng (2012) used an equivalent isotropic plate 
instead, and this work was extended later with the use of several equivalent isotropic 
plates in Kennedy et al. (2014) and Alcazar Arevalo (2014). 
 
2.5 Thermal analysis of FGMs 
A thermal loading such as a uniform temperature increment and a temperature 
distribution in a FGM plate along the thickness (z coordinate) leads to a thermal stress 
problem defined by {!, }! and ! that, as can be observed in Tables 2-3, 2-4 and 
2-5, can be treated just like the mechanical stress problem. Consequently, the thermal 
loading can be considered as an equivalent mechanical load in addition to the other 
mechanical loads (Jones 1999). 
Considering a constant value of the temperature in the reinforcement upper top surface T%, and another one in the matrix lower bottom surface T*, the temperature distribution 
in a FGM plate through the thickness can be calculated by solving the 1D steady state 
heat conduction equation with Dirichlet boundary conditions (Reddy 2000) (Fig. 2-5): 
−  " m = 0 ( 2-32 ) 
with the same nomenclature that is defined in section 2.2. 
The solution of this equation 2-33 has the form (Woo and Meguid 2001): 
m = m − m − m "! ⁄! ⁄ 
"
 
! ⁄  
( 2-33 ) 
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Figure 2-5. Temperature distribution across the thickness of a FGM plate with different volume 
fractions following the Power law distribution. Material characteristics:  m% = 300	ºC (top);       
m*  20	ºC (bottom). Figure reproduced from Phung-Van et al. (2014) 
The material properties can be also dependent on the temperature. However Miyamoto 
et al. (1999) stated that dismissing this variation does not affect the results obtained from 
Eq. 2-33.  
Zhang et al. (2014) and Kim (2005) considered the temperature field constricted by both 
Dirichlet (lower bottom surface T*), and Neumann " ­ ­  ®¯ boundary conditions. 
In the case of Kim (2005), the thermal conductivity "  was also dependent on 
temperature, leading to an ODE. In these conditions, he pointed out that further research 
should be necessary in order to explain the behaviour of ", m in the FGM plate.  
Praveen and Reddy (1998) studied the thermomechanical response of FGM and pointed 
out that the deflection of the FGM plate subjected to two types of loads (mechanical and 
thermal) was positive, because the thermal expansion α∆T at the ceramic-rich surface 
was much higher than the metal-rich surface. 
Zenkour and Mashat (2010) studied the thermal buckling in FGM plates using different 
distributions of thermal loadings (uniform, linear and non-linear) through the thickness 
according to the power law. It was found that the critical buckling temperature of FGM 
plates was proportional to the aspect ratio of the plate, and also that the critical buckling 
temperature decreased from non-linear to uniform distribution, when the volume fraction 
index ‘n’ was increased, and when the thickness of the plate was also increased. 
Ghannadpour et al. (2012) studied others forms of uniform, linear and non-linear different 
gradients of thermal loading, and they arrived to the same conclusions than Zenkour and 
Mashat (2010). 
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2.6 Computer programs for vibration and buckling analysis 
There are several stages in the design scheme. The first one is a conceptual design, 
where a lot of different alternatives exist and many options are covered such as materials, 
loads and constraints. Later, a preliminary design narrows the first stage alternatives, 
however there are still many configurations and load cases to analysed, becoming a 
computationally intensive step. In this stage, it is very important to have a trustworthy 
instrument to work fast. Finally, the last stage is the detailed design, where the final 
configuration selected in the previous stage is studied with plenty of detail (Kennedy and 
Featherston 2010). 
FEM methods are very good in the last stage where high precision in the results are 
demanded. However, for the preliminary design, it is necessary to use faster methods 
that provide reliable estimations in an acceptable time.  
The exact strip method can work with plates that are assembled to form rectangular 
and prismatic geometries, without the necessity of divide the plates into many elements. 
Furthermore, the stiffness matrices are found exactly from the governing differential 
equations leading to a global dynamic stiffness matrix K much smaller than in FEM. 
However, this approach gives non-linear (transcendental) eigenproblems of critical 
buckling loads or undamped natural frequencies +±v  0, that cannot be solved by 
standard methodologies, although the Iterative solution by Wittrick-Williams algorithm 
permits their fast calculation with low computational cost (Kennedy and Featherston 
2010). 
The Wittrick-Williams algorithm can be summarised as (Boscolo and Banerjee 2014 and 
Kennedy and Featherston 2010): 
1) A trial value λ of load factor or natural frequency is arbitrarily chosen 
2) The sign count of K (z+±|) is calculated as the number of negative diagonal 
elements of the upper triangular matrix  +±∆ (the others have been discarded 
by Gauss elimination); 
3) The number J of eigenvalues less than the trial value λ is calculated by  
² = ²J + z+±| ( 2-34 ) 
where ²J = ∑², in which ² is the contribution to J of the members m of the structure 
with edges clamped. 
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VICONOPT is a FORTRAN program based on the exact strip method able to model 
isotropic, orthotropic, anisotropic and composite (laminated) stiffened plates with 
longitudinally invariant in-plane shear, longitudinal, transverse, and pressure loads (Fig. 
2-6) (Kennedy and Featherston 2010). 
 
Figure 2-6. a) Types of loads in VICONOPT and b) Example of possible assemblies. Figure 
reproduced from Kennedy and Featherston (2010). 
VICONOPT can analyse free vibration, elastic initial buckling, local postbuckling analysis 
and optimum design of structures assembled by prismatic plates (Kennedy and 
Featherston 2010). It has been developed by Cardiff University since the 1970s, with 
Collaboration with Airbus, BAE Systems and NASA. VICONOPT incorporates several 
modules (Kennedy et al. 1994): 
• VIPASA (1974) (Vibration and instability of plate assemblies including shear and 
anisotropy). Assumes variation of the buckling or vibration modes sinusoidally in the 
longitudinal direction, and provides approximate solutions when works with 
anisotropic plates and shear loads. 
• VICON (1983) (VIPASA with constraints). Improves the analysis for anisotropy, 
shear loads and ends conditions employing Lagrange multipliers. 
• VICONOPT (1990) (VICON with optimization). Adds optimum design features and 
postbuckling analysis. 
VICONOPT is between 102 and 104 times faster compared with FEM programs  (Kennedy 
et al. 1994), and incorporates classical plate theory (CPT) and first order shear 
deformation theory (FSDT), although it cannot work with higher order shear deformation 
plate theory (HSDT), and with thermal loadings.  
Fazzolari et al. (2013) proposed a MATLAB code based in the Dynamic stiffness method 
(exact strip method) (Figure 2-7) able to conduct static, free vibration and buckling load 
analysis of composite plates using the CPT, FSDT and HSDT (based on the TSDT theory 
of Reddy).  
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The MATLAB code from Fazzolari et al. (2013) has some drawbacks and limitations such 
as the methodology is limited to isotropic and composite plates, with cross-ply laminates 
with symmetric stacking sequence; all the boundary conditions are restricted to have two 
opposite edges simply supported; and the thermal loads are not considered. 
 
  
 
 
 
 
Figure 2-7. Schematic of Dynamic stiffness method used in Fazzolari et al. (2013) 
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3 SECTION 3. PROJECT PROPOSAL 
3.1 Background and relevant previous work 
Based in the work of Abrate (2006) and Abrate (2008), who concluded that functionally 
graded plates behave like homogeneous plates, several studies have been conducted in 
Cardiff University in order to model a ceramic-metal FGM plate (Figure 3-1) which 
material properties varied gradually through the thickness (z coordinate) following the 
Voight’s rule of mixtures (Eq. 2-1). 
 
Figure 3-1.Geometric description of the FGM plate considered.  
All the works conducted by the Cardiff University research team, intend to model the FGM 
plate showed in the Figure 3-1 using a technique based on finding an equivalent plate 
with one or more isotropic layers. Later, the accuracy of these models was checked with 
numerical examples. 
3.1.1 Equivalent isotropic plates methodology 
In all the studies performed at Cardiff University, the methodology to obtain the equivalent 
isotropic plates was: 
1) Calculate the stiffness matrices of a FG plate (}st) by means of direct integrals 
(constant Poisson’s ratio) or a series solution proposed by Dung and Hoa (2012) 
(variable Poisson’s ratio) 
2) Calculate the stiffness matrices of an equivalent N-isotropic layers plate (}st∗ )  
using direct integrals 
3) Compare the independent terms (}st  }st∗ ) and find the parameters (unknowns 
= :∗´ , ∗´ ,  ∗´ 	) of the equivalent plate. 
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Tables 3-1, and 3-2 show a summary of the main characteristics of the different studies: 
Ner Previous Work Theory 
Poisson 
ratio (µ) Reference 
1 Equivalent isotropic plate CPT Constant Kennedy and Cheng (2012) 
2 Equivalent 2 layers plate CPT Varying Kennedy et al. (2014) 
3 Equivalent isotropic plate FSDT Constant Kennedy et al. (2014) 
4 Equivalent 2 layers plate FSDT Varying Kennedy et al. (2014) 
5 Equivalent 3 layers plate TSDT Constant Alcazar Arevalo (2014) 
6 Equivalent 4 layers plate TSDT Varying Alcazar Arevalo (2014) 
Table 3-1. Main characteristics of the studies conducted in Cardiff University 
 
Ner Independent terms       
¶·¸ 
Integration 
Method 
Unknowns 
Solve 
technique 
1 r, u, v Direct Integr. =∗, ℎ∗, :∗ Analytically 
2 r, r, u, u, v, v Series Sol. ℎ∗ , ℎ∗ , :∗, :∗, ∗, ∗ Analytically 
3 r, u, v Direct Integr. =∗, ℎ∗, :∗ Analytically 
4 r, r, u, u, v, v Series Sol. ℎ∗ , ℎ∗ , :∗, :∗, ∗, ∗ Analytically 
5 r, u, v,	:, w, x Direct Integr. ℎ∗ , ℎ∗ , ℎC∗ , :∗, :∗, :C∗ Numerically (fsolve) 
6 
r, r, u, u, v, v,	:, :, w, w, x, x Series Sol. 
ℎ∗ , ℎ∗ , ℎC∗ , ℎA∗ , :∗, :∗, :C∗, :A∗, ∗, ∗, C∗, A∗ 
Numerically 
(fsolve) 
Table 3-2. Main characteristics of the studies conducted in Cardiff University 
 
Stiffness matrices calculation 
When the Poisson ratio () was constant, the integrals of the stiffness matrices (Eq. 2-
31) of a FG plate (}st) were solved directly using the integrals defined in Eq. 3-1 and Eq. 
3-2. 
 J¹ + ºℎ 2⁄
−ℎ 2⁄
 = 	 ¹ + º + 1¹ 														»¼½ℎ	¹ + º = 1ℎ  + 12				 ( 3-1 ) 
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 ¹ + º
 2⁄
−ℎ 2⁄
		 = 	 ¹ + º¾ +  + 1¹ − ¾º¾ +  + 1¹	  ¹ + º
ℎ 2⁄
−ℎ 2⁄
 ( 3-2 ) 
 
In the case of the stiffness matrices (Eq. 2-31) of a N-isotropic layers plate (}st∗ ), the 
integrals were solved using the solution of the integral expressed in Eq. 3-3: 
Drst∗ , ust∗ , vst∗ , :st∗ , wst∗ , xst∗ E = 1, 12 , 13 , 14 , 15 , 17À:∗´a∗´ ;∗´Á,Â,Ã,Ä,Å,Æ − ´∗Á,Â,Ã,Ä,Å,Æ<
´
  ( 3-3 ) 
 
On the other hand, Alcazar Arevalo (2014) studied three different methodologies in order 
to compute the stiffness matrices (Eq. 2-31) of a FG plate (}st) when the Poisson ratio 
() was not constant: a discrete-layer approach consistent on a sequence of N equal 
isotropic layers, a Gauss-Legendre integration, and a series solution based in Dung and 
Hoa (2012), concluding that the series solution was the most accurate methodology.  
The series solution evaluated the integrals in the form (Kennedy et al. 2014): 
Ç" =  È"1 − É + É − ÉÈ

J
È					»¼½ℎ					È = 12 + ℎ				 ( 3-4 ) 
Giving as a result: 
Ç = 12 ·Ày F" + Ê + 1~
Ë
ÌJ  ( 3-5 ) 
where: 
F = R 11 − É + −1
1 + ÉS · É − É ( 3-6 ) 
 
CPT and FSDT 
Equivalent Isotropic plate Model 1 layer 
Kennedy and Cheng (2012) defined an equivalent isotropic plate using a neutral surface 
in a similar way as defined Abrate (2006). The independent terms of the stiffness matrices 
had the value: 
rst∗ = :∗ℎ∗3aJ6        ust∗ = :∗ℎ∗=∗3aJ6          vst∗ = :∗ ;!∗Ã + ℎ∗=∗< 3aJ6 ( 3-7 ) 
Where: h∗  is the equivalent thickness; :∗  is the equivalent Young Modulus; 	=∗offset 
between the geometric mid-surface and the neutral surface. 
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Comparing the independent terms of the isotropic plate with the FG plate, the unknowns 
were solved as: 
=∗ = ur 										ℎ∗ = Î12vr − =∗									:∗ = rℎ∗3aJ6 ( 3-8 ) 
When the Poisson ratio (ν) was not constant, Kennedy and Cheng (2012) proposed an 
approximate solution for Poisson’s ratio (Eq. 3-8) to be used with the equivalent isotropic 
plate. 
É∗ = ;É + É − É + 1 < ( 3-9 ) 
Finally, in the case of the free vibration analysis, an equivalent density ρ∗, calculated as 
mass per unit area (Abrate 2006) was also defined by means of the eq. 3-9. (Kennedy 
and Cheng 2012) 
Ï∗ = ;Ï + Ï − Ï + 1 <  ℎℎ∗ ( 3-10 ) 
2-layer plate CPT 
In Wei (2013) the comparison of the stiffness matrices lead to a system of 6 equations 
with 6 unknowns, which working out the terms, lead to a 5th order polynomial equation in 
terms of  ∗. This forces us to study the solutions ignoring the negative roots and choosing 
sometimes the positives arbitrarily. In order to avoid this, Kennedy et al. (2014) presented 
a new 2th order polynomial equation (Eq. 3-10), where the root negative solution is 
ignored. 
8 ∙ > − 4 ∙ 	º ∙ > + R 
2 ∙ º − 2 ∙  ∙ º −  ∙ ºº 	S = 0 ( 3-11 ) 
Where:      > = Ñ + √É	; 						> = −Ñ + √É	; 							Ñ = ­ÂA∙ÓÂ ; 							É = ­Á∙ÓÂ­Â∙ÓÁA∙ÓÂ ;	 
 = vr 	 ; 						 = v − rvr 	 ; 			º = ur 	 ; 						º = u − rur 										 
And analogously to the previous case (Eq. 3-9), an equivalent density ρ∗ℎ + ℎ 
(Kennedy et al. 2014) 
Ï∗ = ;Ï + Ï − Ï + 1 <R 1> + >S ( 3-12 ) 
1 and 2 layer plate FSDT 
No additional equations are required in the FSDT theory, because the terms                   rAA = rbb = +rcc and rAb = 0 (Figure 3-2). 
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Figure 3-2. Equivalent 1 and 2 layer FGM plate models used in CPT and FSDT. 
HSDT 
3 and 4 layer plate  
In these cases, the comparison of the stiffness matrices in the equivalent 3 and 4 layers 
plate led to a system of 6 equations with 6 unknowns and a system of 12 equations with 
12 unknowns respectively, which are much more complicated to solve than in the 
previous cases, and consequently, instead of applying an analytical expression, the 
system of equations were solved by means of the function “fsolve” included in the 
Optimization Toolbox of the MATLAB code (Alcazar Arevalo 2014). 
 
Figure 3-3. Equivalent 3 and 4 layer FGM plate models used in HSDT. 
3.1.2 Results and conclusions 
Firstly, all the studies analyzed the variation of the equivalent material properties against 
the volume fraction index ‘n’ in order to find a pattern for their behaviour and formulate 
theoretical predictions. 
Later, in order to evaluate the accuracy of the results and validate the methodology, the 
stiffness matrices, critical buckling loads, and undamped natural frequencies were 
calculated for a simply supported square FGM plate using the new equivalent isotropic 
plates by means of the exact strip software VICONOPT.  
The values obtained with the equivalent isotropic plates were compared against others 
from the literature, or/and with results that were found using a well converged 
approximate multilayer solution. The results of the latter were assimilated to be very 
precise and accurate because the total thickness (h) of the FG plate was divided into a 
high number of isotropic layers (Ô) (usually 128 layers), where the material properties 
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(P(z)) of each i-layer were defined by Eq. 2-1 following the Voight’s rule of mixtures. 
  2 −1 + 2¼ − 1Ô  ( 3-13 ) 
In general, it was found a high agreement with several significant figures between the 
results. The volume fraction indexes ‘n’ analysed were usually 0.2, 0.5, 1, 2, and 5. 
When the Poisson ratio ‘’ was not constant, the 2 layer plate gave better accuracy than 
the approximate solution used in the 1 layer equivalent isotropic plate, mainly when the 
values of the ‘’ were significantly different. 
It was confirmed that moderately and thick plates need account for the transverse shear 
deformation, and consequently have to be modeled with FSDT or high-order theories. 
When the FSDT was applied, the values of the critical buckling loads obtained were a 
little smaller.  
The numerical technique using the ‘fsolve’ function of MATLAB in the equivalent 3 and 4 
layers plate models presented some problems such as the time used to find the solution 
is directly proportional to the accuracy of the results, the system of equations is 
dependent on material properties, and it is possible to find more than one valid 
combination of positive values for the material properties.  
The limitation of the software VICONOPT, which is not able to work with higher order 
shear deformation plate theories (HSDT), meant that the :st , wst , xst stiffness matrices, 
critical buckling loads, and undamped natural frequencies using the equivalent 3 and 4 
layers plate were not calculated and consequently, the accuracy of these models were 
not validated. 
 
3.2 Programme and methodology 
3.2.1 Aims of the project 
In general, continue the studies conducted by Cardiff University about the modelling of 
FGMs using equivalent isotropic layers plate.  
Particularly, the main aim of the project is: 
• Verify the equivalent 3 and 4 layers plate models computing the :st , wst , xst 
stiffness matrices, and calculating some examples of critical buckling loads and 
undamped natural frequencies using a new code able to work with third order 
shear deformation plate theories (TSDT). 
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Other purposes that can be considered according to the time available are: 
• Extend the formulation of the proposed equivalent plate models to the thermal 
buckling analysis. 
• Improve the equivalent 3 and 4 layers plate models for example trying to find an 
analytical solution for the system of equations; a non-dimensional form of the 
system of equations; or a faster technique to compute the numerical solutions.  
• Study the possibility of extending the equivalent plate methodology to different 
homogenization techniques rather than the Voight’s rule of mixtures. 
 
3.2.2 Experiment design. Methodology 
The methodology to verify the equivalent isotropic layers plate models will be based on 
the use of the MATLAB code from Fazzolari et al. (2013), because it is the only software 
available that can work with high order shear deformation plate theories (HSDT), in 
addition to CPT and FSDT. 
Firstly the MATLAB code from Fazzolari et al. (2013) will be adapted to our requirements 
in order to conduct our tests. The source code will be modified to allow the work with 
layers that have different Young’s modulus (E) and Poisson’s ratio (), and also to 
calculate thermal matrices. Furthermore, the aspect of the critical buckling loads and 
undamped natural frequencies results will be adjusted to agree with VICONOPT. 
Secondly, the MATLAB code results of vibration and buckling analysis for the equivalent 
isotropic layers plate models in CPT and FSDT will be checked against the VICONOPT 
simulations to be sure that the modifications included in the MATLAB program do not 
damage the code. 
On the other hand, as the MATLAB code from Fazzolari et al. (2013) works with 
symmetrical laminated plates, the composite is considered uncoupled. The bending-
extensional stiffness matrices ust  and :st  are zero, and thus they are not taken into 
account in the code. This fact forces us to work with a symmetrical composition, and 
consequently, the equivalent isotropic plates will be tested in a form of sandwich plate, 
as is schematized in the Figure 3-4. 
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Figure 3-4. Sandwich plate composition of FGMs. 
Finally, the buckling and vibration results obtained with the sandwich equivalent 3 and 4 
isotropic plates will be compared against the well converged approximate multilayer 
solution describe in Eq. 3-12,  
3.2.3 Diagrammatic work plan 
See Appendix at the end of the document. 
3.3 Justification of resources 
The project requirements in order to conduct this research are basically, access to 
VICONOPT software and MATLAB software, which are available in specified computers 
in the Cardiff University Engineering School.  
3.4 Relevance to beneficiaries 
The most directly relevance of this research it will be to have a complementary tool to 
VICONOPT able to work in the points related to FGMs where VICONOPT are not able to 
do it. 
It is very important to create or amend these tools, because when the equivalent layers 
plates models, we will be able to analyse very quickly the behaviour of the FGM plates, 
even when the compounds have Poisson’s ratio () not constant, and this will help us for 
example to optimize the necessary quantities and percentages of reinforcement in the 
FGM composition. 
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APPENDIX 
PROJECT DYAGRAMMATIC WORK PLAN 
 
 
